) ] ] Chuong I ] ) )
PANG THUC BANG PHUONG PHAP BIEN POI TUONG

DUONG
L. Tinh chat co ban:
ax>bx khix >0
aa>bs ]
ax <bx khi x<0
a-b>x-y
a>x a>x
b. =a+b>x+y Chiy b>
{b>y a x+y y {b>y# ab > xy
a X
_>_
by
a>x2>0
. = ab>xy
{b>y20
da>b>20=a’>b
Hé qué: |a| > |b| & a* > b’
e.a>b>0:>l<l
a
a<b<0:>l>l
a
f. A>0 - A
° xl<de-d<x<4 NN
x<—-A -A A
o >4 — NN
x> A
I1. Vai bit dsing thirc théng dung:
Véia, b,c,... tuyy(a,b,c...e R)
a.a’+b>>2ab (Dau“="xdyra < a=5b)
b. a®>+b*+c* 2 ab+bc+ca ( DAu“="xdyra < a=b=c)
c. V6i a,b >0 taco: (a+b)(l+lj24<:>l+lz 4
a b a b a+b

I11. Cac vi du:
Vidu 1: Chox, y e (—g;gj . Chtmg minh bt ding thirc:

tan x —tan y <1

I —tan xtan y
Giai:

T T s 2 2
x,ye(—Z;ZJthl —I<tanx; tany<1; 0<tan” x, tan“y <1

tan x —tan y

Ta co: <1

I—-tanxtan y



& |tanx—tany| >|1—tanxtany|

& tan® x+tan” y—2tan xtan y <1—2tanxtan y +tan® x tan” y
& tan® x+tan” y—tan® xtan® y—1<0

& tan® x(1—tan® y)—(1-tan” y) <0

& (1—tan® y)(tan® x—1)< 0 ( Lubn dingVx, y € (—%;gj)

Vidu?2:
Chung minh rﬁng v6i moi s6 thuc a, b, ¢ thda mén diéu kién a +b+c =1 thi:

i+ib+i,23.(i+£b+£,j
3 3 3 3 3 3

PR TS .
Viham so6 T gidm nén ta co:

Giai:

1 1 a b_a b
02(a-b)—f——|=>—+—2>2—+—
( )(311 3bj 3b 3a 3a 3b
Tuong ty ta co:
L e
3¢ 3 37 373 3 3 3

Cong vé theo vé cac bét dang thirc trén (chll ¥ ring a +b+ ¢ =1), ta dugc:
1 1 1 a b ¢ a b c
PV v I e LIPvl ] Eewrs v s
3 3 3 3 3 3 3 3 3

I 1 1 a b ¢
& —+—+—23 —+—+— | (dpcm
3 3" 3 (3“ 3 3") (dpem)

Vidu3:
a.Cho x>0, y>0 va xy <1.Ching minh:
2 1 1
> + 1
1+\/E I+x 1+y()
b.Cho 0 <a<b<c<d va bd <1.Ching minh:
4 1 1 1 1
> + + +
1+%abed 1+a 1+b l+c 1+d
Giai:

a. Vi x>0, y >0 nén bat dang thirc (1) twong duong véi:
201+ x)(1+y) = (1+~/0)A+y)+ 1 +~/x)(1+x)
c>2+2x+2y+2xy21+\/5+y+y xy +1+\/E+x+x\/5
<:>(x+y)+2xy2\/g(x+y)+2\/5
<:>(x+y)—\/5(x+y)+2(xy—\@)20
& x4+ 1) (1) + 2y -1)=0
& (1-xp)(x+y—-2x)>0



& (1-0)Wx=y7 20 )

Jx=y)*=0
Vi: ( \/;) nén (2) ding (dpcm)
xy<1=1-/xy >0
b,c,d >0
a,b,c,d >0 “©0,64 >
. la<b
b.ia<b<c<d nén =ac<dbh<l
c<d
bd <1
bd <1
Theo két qua cau a, ta co:
1 1 2
+ < a,c>0;ac<1
l+a 1+c 1+\/E( )
! + ! < 2 (b,d > 0;bd <1)

l+c¢ 1+d  1+bd

1 1 1 1 1 1
= + + + <2 +
l+a 1+b l+c 1+d (1+\/E 1+\/de

<

2
<2——
1+~ac~Nbd
4
=———— (dpcm
1+~ abcd (dpem)
Vidu4:

Cho a, b, ¢ e[—1;2] théa man diéu kién a+b+c=0.Chiung minh:
a’+b*+c* <6
Giai:
e ae[-12]le-15a2< (a+1)(a—-2)<L0
sSa-a-250sa <a+2 (1)
N ,{bzﬁb+c 2)
e Tuongtutacingcoy |
c<c+2 (3)
Cong (1), (2), (3) ta co:
a’+b’+c* <(a+b+c)+6=6 (dpcm)
Vidus:
Cho x,y,z €[0;2]va x+y+Z:3.Ch1'mgmjnhr'chg:
x4+ 422 <5
Giai:
Taco: x,y,z<2=x-2)(y-2)(z—2)<0
S xyz—2(xy+yz+zx)+4(x+y+z)—-8<0
S xyz—=2(xy+yz+zx)—4.3)-8<0
S xpz<2(xy+yz+zx)—4 (Vix+y+z=3)
Sz (x+y+z) (XX +y*+2°)-4
Sz (x+y+z) —(X*+y +2)-4=3-(xX"+y"+2°)-4



SX+y +2<5-xyz (Vix+y+z=3)
=x"+y +z°<5 (Vi xyz>0) (dpcm)
Vidu 6:
Cho x>0, y>0, z>0 va xyz =1. Chirng minh cac bat dang thirc sau:
1 1 1
a. + + <1(1
X¥+y’ 4+l Y42+ 2 +x+1 O

b1 b b

x+y+l y+z+1 z+x+1
Giai:

a.Dat T =vé trai ca bat déng thirc (1) (ta cAn chimg minh T<1)
Taco: ¥’ +y° =(x+y)(x* +y* —xp)
Ma{x2+y222xy<:>x2+y2—xy>xy
x+y>0 (Vix>0,y>0)

Nén (x+ y)(x* +y* —xp) = (x+ y)xy hay x’ +1° > xp(x + )

=X+ +12xp(x+y)+xpz (Vixyz=1)

SX+Y +H12xp(x+y+2)>0

1 1

—— < (a
x+y +1 xy(x+y+2z2)
Tuong ty ta co:
1 1
T (b)
yv+z 4+l xy(x+y+2)
< 1 1
< c)

24X+l xp(x+y+z)

Cong vé theo vé (a), (b), (c), ta co:

L [ L IR E ) (V ayz = 1) (dpom)
(x+y+2)\xy yz zx) x+y+z xXyz

b. Pt S bang vé trai ctia bt dang thirc (2) ( ta cin chimg minh S<1)

3
X=a

bat {y=5' ma

3
Z=cC

{x,y,z>0:a,b,c>0

xyz =1=a’b’c’ < abc =1

a,b,c>0 va abe =1 nén theo két qua cau a, ta co:
1 N 1 N 1 <1
a@+b’+1 P +c+1 c+a’+1
1 1 1
+ +
x+y+l y+z+1 z4+x+1
Vidu7:
Cho a,b >0 va b,c > 0. Chiing minh:

\/(a—c)c +\/(b—c)c <~Jab (1)

<1 (dpcm)




Giai:

Bt dang thirc (1) twong duong voi:
c(a—c)+(b—c)c+2yc*(a—c)b-c) <ab
st +ct —ac+ab—bc—2cm20
ol +a(b—c)—c(b—c)—20\/m20
ol +(a—c)(b—c)—2cm20

& [e-la—eXb—e) | 20 daylabét ding thirc ding (dpem)
Vidu8: ‘ ,
Chung minh rang doi voi moi a,b,c € R, ta co:

2
a

7+b2 +c* >ab—ac+2bc (1)

Giai:
Biét dang thic (1) twong duong véi:
a’> +4b* +4c* —4ac—8bc +4ac >0
& (a—2b+2¢)* 2 0 day 1a bat phuong trinh dung (dpem)
Vidu9:
Cho 4’ > 36 va abc =1. Chimg minh:

2
%+b2 +c* >ab+bc+ca (1)

Giai:

Bit dang thurc (1) twong duong voi:
2
%+(b+c)2 —2be > a(b+c¢)+be

2
@(b+c)2—a(b+c)+%—3bc>0

c>(b+c)2—a(b+c)+(%2—§J>0(Vi bc=l)
a

a
x=b+c

= f(x)=x" —ax+(%2—éj>0 (@)

a

2

Xét tam thirc bac hai f(x) =x" —ax+ (a? —é) co:
a

2 3
A=a2—4(%—§j:363 20 (Vid >36)
a a

= f(x)>0, Vxe R = (a) ding (dpcm)
Vidu 10:
Cho -1<x<1vaneN, n>1.Ching minh:



(1-x) +(1+n) <2"
Giai:

Vi -l<x<1nén x=cosa (0<a<m) lucdo:
(1+n)"+(1-n)"=l+cosa)" +(1-cosa)"

:(20052gj +(2sin22j

2 2

=2" (COSZEJ +(sin2gj <2”[ Z tsin —j 2" (dpcm)
2 2 2 2

* Chi y: Khi chimg minh bat dang thirc bang phuong phap bién doi tuong duong can:
1. Chi y xem ki gia thuyet d& cho, vi trong mot s trudng hop c6 thé bién doi gia thuyét d& cho
thanh bét dang thirc can chimg minh (nhu 6 vidu 4, 5...).
2. Trong mot s6 truong hop co thé bién doi bt dang thirc can chimg minh thanh mot bat dang thirc
luon dung (duocnéudvidu1,3,7,8...).
3. Nén thudc ong va bat dang thic thong dung duoc gidi thiéu ¢ phan I1.

IV. Bai tap tuong tu:

1. Chimg minh ring: néu 0 < x< y <z thi:

I 1 1 I 1
y(x + ZJ+ y(x+z) S(x + Zj(x+z)

* Hudng dan:

Tim bat dang thirc twong duong bang cach quy dong mau sd, udc luge s6 hang (x +z) , chuyén
vé, bién dbi vé trai thanh dang tich sd,. ..
2.a,b, ¢, d 1a ndm sb thirc iy ¥, chimg minh bét déng thirc:

a’+b*+c*+d’ +e* >ab+ac+ad +ac

Khi ndo ding thirc xay ra?
* HuSng dan:

Tim bét dang thirc twong duong bang cach bién dbi bat dang thirc d4 cho vé dang:

2 2 2 2
(z_bj (_j +(£—d] (_j >0
2 2 2 2
3.a,b, c, lado dai ba canh cta tam giac ABC, chung minh:
a*+b*+c¢* <2(ab+bc +ca)
* Huéng dan:
a<b+c = a’*<ab+ac, b<a+c = ..
4. Chting minh:
a’+b*>2ab, Ya,beR

Ap dung a, b, ¢ 13 ba sb thyc tiy ¥, chimg minh:
a*+b*+c* >abc(a+b+c)



* Hudng dan:
Dung cong thirc (a—b)’ 20 < a” +b> >..
Ap dung két qua trén.
5. Chitng minh V¢ €[ -1;1] ta co:

NI+t +1—t 2 1441+22 >2-F
*Hué’ngd?m
e Vi Vie[-1;1], taludn co:

A=) +2JA=0)1+0) + A+ 21+ 2/1-F +(1-1)
Bién dbi twong duong suy ra I+t +/1-t 21+m
o Tu: Oéﬁél

S1+l+12 227

' ) Chuong 11
BAT DANG THUC COSI (CAUCHY)

I. Phwong phap gidi toan

. a+b
1) Cho 2 s6 a,b> 0, taco: 5 >~ ab
Dau “ =" x4y ra khi va chi khia="b.

2) Chonsb a,a,,a,...,a, 20 ta co:

a,+ta,+a,+..+a,
> 2la,a,a,...q,

n
Dau “=" xdy ra khi vachikhi ¢, =a, =a; =...=a,

3) Bat dang thure cosi suy rong
Phat bieu: Vi cac so thuc duong 4,,4a,,4;,...,4, va X;,X,,X;,..., X, 1a cac sO
thuc khong am va c6 tong bang 1, ta co:

X

X2 4 X3 n
ax +a,x,+ax;,+..+a,x, 2a'a,’a;’..a



Téng quat: Chon sb duong tuy y a; 1= L,n van s hitu ti duong q;, i=1n

n n n
_ Coa, n , q;
thoa Zqi =1 khi d6 ta luon co: Hai < Z q;-4,
l:l l:1 l:1
Dau “=" xdy ra
I1. Cac vi du

Vidu 1: Cho n sb duong a 1= 1,n. Ching minh rang:

a a, a a

11 1 1 2

(g, +a,+a,+..+a ) —+—+—+..+— |Zn
Giai:

1 1 1 1

Ap dung bat dang thirc c6si cho cac sO @18y Azseees Ay 575 5ueey ™

a a, a, a
a,+a,+a,+..+a, 2n{aa,a,..a,
I 1 1 1 n

—t—+—+.+—2
a a, a, a, 4aa,a,..a,

Ta co:

Ce__9

Nhan 2 vé tuong tng ta dugc bat dang thirc can ching minh va diu
a=a,=a,=..=a,

xay ra khi

Vi du 2:Chtrng minh véi moi a,b,c duong ta ludén co:
1 1 | 27
+ + > -
ala+b) b(b+c) c(c+a) 2a+b+c)

Giai:
Ap dung bt dang thirc cosi cho vé trai:
1 | | 3

+ + > (1)
a(a+b) b(b+c) clc+a) 3labc(a+b)(a+c)(b+c)
Ma

3abc<(a+b+c)
3P(a+b)b+c)c+a)<8(a+b+c)

= abc(a+b)(b+c)(c+a)< 3—86(61 +b+c)°

& 3abe(a+b)(b+c)(c+a) < %(a +b+c)’



3 27
= >
JJabe(a+b)b+c)c+a) 2a+b+c)’

)

Tur (1)(2) dpem
Dau “="xdyraa=b=c

Vi du 3: Chtirng minh véi moi sb duong a, b, ¢ ta luén c6

1 1 1 1
3 3 + 3 3 + 3 3 S

a +b’+abc b +c’+abc ¢ +a +abc abe
Giai
Ta co:

a’ +b’ >ab(a+b)
Nén

abc abc C
<

a’+b’+abc  ab(a+b)+abc a+b+c
Tuong tu ta cling co

abc < abc _a
b>+c’ +abc  be(b+c)+abc a+b+c
abc < abc b

@’ +c’+abc ac(a+c)+abc a+b+c
Cong vé theo vé ta duoc

1 1 1
abc — +—— +—— <1
a +b’+abc b’ +c +abc ¢ +a +abce
Hay

1 1 1 1
<

3 3 + 3 3 + 3 3 -
a +b+abc b’ +c +abc ¢ +a +abc ab

~ (@pem)

I11. Bai tap twong tw

1. Cac s6 duong x, y, z c6 tich bang 1. Chimg minh bat dang thuc :
X z xz
5 y 5 + 5 y 5 .5 5 Sl
X +xy+y Yy A4yz+z X +xz+z
*Hudng dan:
Taco: x*+y° >2xy

=3 +)y 22Xy = 2x2y2\/5 > (x+y)x’y’




Do d6 :

Xy < xy _ 1 oz
X Hxy+y’ xp+ YNy l+xp(x+y) x+y+z
Tuong tu:
vz < X
YV +yz+z x+y+z
Xz <Y
X +xz+z2 x+y+z
Cong vé theo vé ta c6 dpem. Dau “=" xay rakhi x =y =z.

2. V6i moi x, y, z duong. Ching minh :
3 3 3
* +y—+— 2x+y+z
yz Xz Xy
*Hudng dan:
Ap dung bat dang thurc c6si, ta co:
3
Xy y+z23x
yz
};
—+x+z23y
XZ
Z3
—+x+y23z
Xy
Cong vé theo vé ta duoc:
3 3 3
—+y—+Z—+2(x+y+Z)Z3(x+y+Z)
VZ Xz Xy

= dpcm
Dau “="xdyrakhix=y=z.

3. Cho a,b,c1a 3 s6 nguyén duong. Chirng minh:
a+b+c
(b+c) +(a+c) +(a+b) SE(a+b+c)}
*Hudng dan:

Ap dung bt dang thirc cosi, ta co:
(b+c)+..+(b+c)+(a+c)+...+(a+c)+(a+b)+...+(a+b)

n lan n lan n lan

> (a+b+c) J(b+c) (a+c) (a+b)
Hay :
[2(51 +b+c)

T (’2(b+c)”(a+c)b(a+b)c (1)
a+b+c

10



Ta c6 bat dang thirc sau:
2(a+b+c) > 2(ab+bc +ca) 2)
3 a+b+c
That viy (2) < (a+b+c)’ =3(ab+bc+ca)
& a’+b’ +c” >ab+bc+ca (dung)
Tu (1)(2), ta c6 dpem
Dau “="xdyrakhia=b=c

4. Cho a,b,c 1a 6 dai 3 canh ctia mot tam giac. Chting minh rang:
a b ¢ 3
b+c—a c+a-b a+b-c

*Huéng dan:
Ap dung bat dang thirc cosi:

Jb+c—a)c+ra-b)<

b+c—a+c+a-b) .
2

Tuong tu :

\/(a+b—c)(c+a—b) <a
Jb+c—a)a+b—c)<b

Nhan vé theo vé ta duoc:
(b+c—a)c+a-b)a+b-c)<Labc

- abe >1 (1)
(b+c—a)c+a-b)a+b—c)

Ta lai dtr dung bét déng thirc cosi:

N b +—C >3, abe >3 do(1) (dpcm)
b+c—a c+a-b a+b-c (b+c—a)c+a-b)a+b—-c)

11



’ ) Chuwong III )
BAT DANG THUC BANG BAT DPANG THUC
BUNHIACOPXKI ( B.C.S)

I. Bat ding thirc bunhiacopxki:

Cho2nsbthyc(n>2)
a;, a,...,a,vab, by, ..., by
Taco: (ab, +ab, +..+ab ) <(a’+a,’ +..+a )b’ +b’ +..+b7)
a,

Déu“z”xéyra @ﬁz_:,,,:a—” hay a, =kb;; a, =kb,; ...; a, =kb,
bl b2 bn

Chung minh:

_ 2 2 2
—\/al +a,’ +..+a,

bat:

b=+Jb>+b}+..+b]

e Néu ¢ =0 hay »=0 thi bat dang thirc luon ding
e Néua,b>0:

bit: ¢, =4 - p= %( =1n)
Thé thi o> +a2 tota =B+ B+ B =
Ma: |a,./3i|s%(af +B7)

Suy ra: e, 4| +|a, B, va) +..+a )b +b +..+b)<1
= |a1b1|+|a2b2|+...+|anbn| <ab

Lai co: |a,b, +a,b,

Suyra: (ab, +a,b, +..+ab) <(a’+a, +..+a’ )b’ +b’ +..+b>)
a,=p

Dau “="xayra < ,
a,p,..a,p, cuagdaa

b _%H_ 4

b b, S

n

I1. Cac vi du:

Vidul:
Cho a, b, ¢>0.Ching minh:

a’ b’ c? a+b+c
+ + >

b+c c+a a+b 2
Giai: o
Ap dung bat dang thirc B.C.S, ta co:

12



((x/ba+c)2 " (\/cb+a)2 i (\/achb)ZJ((\/m)2 +(Wa+c) +(*’a+b)2)2 (a+b+e)

a’ b? ¢’ at+b+c
+ + >

b+c c+a a+b 2
Vidu2:
Cho a*+b* =1. Chimg minh: ax/b+1+bJa+1<2+/2
Giai:

Ap dung 2 1an bat ddng thirc B.C.S ta c6:
(aNb+1+bJa+1)Y <(a’> +b*)b+1+a+)=2+a+b
<24+ b =242 (do a®+b*=1)
Vivay avb+1+bJa+1 <\2+442.

a_b+l
Dau“="xdyra <<b a+l = a=b
a=b
Vidu3:
Chimg minh rang néu phuong trinh

x*+ax’ +bx* +cx+1=0 (1) cos nghiémthi a* +5° + ¢’ Zg
Giai:
Tur(1)tacd: —(1+x*)=ax’ +bx* +cx

Ap dung bat dang thirc B.C.S:
1+ x")? =(ax’ +bx* +cx)? < (a> +b* + ) (x +x* +x7)

4\2
=@ b+ ()
X +X +Xx
482
Mitkhac: —FX) 54 (3

Hxt+xr 3
Thatvay: (3) < 3(1+2x* +x°) > 4(x° +x* +x7%)

< 3x* —4x® +2x" —4x* +3>0

< (X =1)°GBx* +2x* +3) >0 (ludn ding)

T @) va Q) a’ +b> +¢ z%

a:b:c:g (x=1)
Dau“="xayra < 32
a=b=c=—-— (x=-1
3( )
Vidu4:

Cho a,b,c >0 thoa a+b+c =1. Chirg minh ring:

13



P= ! +L+L+L23O

S dA+b 4+t ab be ca
Giai:
Ap dung bat dang thirc B.C.S:

1 1 1 1
100 =| ————=ANa* +b* +* +—3Vab +——3Vbc +——.3ca
(\/aerszrc2 Nab \bc vea

2($+ib+bi+ij(az+b2+cz+9ab+9bc+9ca)
a +b"+c” a ¢ ca

:P[(a+b+c)2+7(ab+bc+ca)]SP[1+%(a+b+c)2}S%:P230

Do: a+b+c =1 (theo gia thuyét)

2
:>ab+bc+ca£w
Vidu5:
Cho a,b,c >0 va abc =1. Chung minh rang:
1 1 1 3
3 T3 T3 2
a(b+c) b(c+a) c'(a+b) 2
Giai:
bat: a:l;b:l;c:l.Khidétl‘Ia,b,c>O vaabc=1=x,y,z>0 va xyz=1
X % z

Bt dang thirc d3 cho dua vé dudi dang sau:
3 3 3
xyz+yzx+zxy>3

Ytz z+x x+y 2
2 2 2
3
2 4+ 42 52 (dowz=1)(1)
y+z z+x x+y 2

Ap dung bét ddng thirc B.C.S, ta c6:

x2 y2 ZZ 5
= + + (y+z+z+x+x+y)2(x+y+2z)
y+z z4+x x+y
2 2 2 2
+y+ +y+
I S A 2()c y+z) _Xty+z @)
y+z z+x x+y 2(x+y+z) 2
Diu“="xiyra &> =2 - F _ XTV¥Z _1
y+z z+x x+y 2x+y+z) 2

S y+z=2xz+x=2y; x+y=2z
Sx=y=z
Mit khac, theo bét déng thirc Causi: x+ y+z >33xyz =3 (do xyz =1) (3)
Diau“="xayrakhi x=y=z.

2 yZ ZZ 3

Tu (2) va (3) suy ra: r . + >
y+z z+x x+y 2

. Vay (1) ding.

Dau“="xdyra < x=y=z haya=b=c

14



= dpcm.
Vidu 6:

Cho AABC tuy y co my, MMy, 1M la d dai 3 dudng trung tuyén va R 1a ban kinh dudng tron
ngoai tiép tam giac. Chimg minh rang
9R 59
m, +m, +m,
Giai:

Ta c6 cong thirc dudng trung tuyén:
, 2b* 427 -d?
m,~ =—
4
=m’+m’+m’ =%(a2 +b*+c%)
Mit khéc, trong mdi tam gidc ta co: a® +b° +¢* <9R? (1)
Dau “=""trong (1) xdy ra <> A4ABC déu.

o mm? 32747132 @)

Ap dung bét déng thirc B.C.S:
= (m, +m, +m, )2 <3(m+m, +m?) (3)
Dau “="trong (3) xaura < m, =m, =m_ < AABC déu.

Tir (2) va (3) = (m, +m, +m,)’ SXRZ

9
Smo+m+m, < —
2

e 2R 5,
m, + m, + m,
Dau “ =" xay ra dong thoi trong (2) va (3) hay A4BC déu.
Vidu7:
Cho 4,,a,,...,a, > 0. Chimg minh rang;

2

T S (alz+az—2k...+an)2

a,+a, a,+a, a+a, 2a +a, +..+a,)
Giai:

Ap dung bét ddng thirc B.C.S, ta co:

a a a
( L+ —2 4+ +— j[al(az+a3)+a2(a3+a4)+...+an(al+a2)]2(al+a2+...+an)2

a,+a, a,+a, a, +a,
2
a a a a, +a,+..+a
Hayy ——+———+..+——> (@ +a, ) 1
a,+a, a,+a, a +a, aa,+aa,+a,a,+a,a,+..+a.a +aa,
Day“="xdyra: @ a,+a,=a,+a,=...=a,+a,=a, +a,
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Sa=a,=...=a,
a’+a’ a’+a’ , a4 +a)
+ =a’+2—2
2 2 2
2 2
a,” +a,

Do a,a, +a,a, <

2
a,a,ta,a, <a, +
2 2
<, 2, 4 ta
a,a +aa,<a,+

Cong timg vé n bat dang thirc trén ta co:
(a,a, +aja,)+(a,a, +a,a,)+...+(a,a, +a,a,) < 2(al2 +a,’ +...+an2) )
Dau “="trong (2) xay ra khi:

a=a,=..=a,
Tu (1), (2) suyra:
2
a a a a,+a,+..+a
L +—2 4 +— 2(12 = ")2
a,+a, a,+a, a+a, 2a +a, +..+a)
Dau“="xdyra < aq =a,=...=aq,

I11. Bai tap tuwong tu:

1. Cho ab+bc+ca =4 .Ching minh: a* +b* +c* > 16
*Hudng dan o ‘
Ap dung bat dang thirc B.C.S hai lan:
(ab+bc+ca) <(a> +b* +c*) B>+ +a*)=(a* +b* +c*) <3(a* +b* + )
:a4+b4+c42? (doab+bc+ca=4).
Da‘1u“=”x£1yra<:>a—b—c—+i
3
‘txy+y =3
2.Cho{" TV
Y +yz+z° =16
Chimg minh ring: xy + yz + xz <8
*Huongdan
Theo bat dang thirc B.C.S, ta co:

2 2
3 3 z

18=(x*+xy+ V)V +yz+2") = +£J+—2 —2+( +—j
(X" +xy+y )y +yz+2z7) Ky YRl i Eas

2
> ( +£j—32+£x( +£j :é( +yz+xz)
=1 2) 2 2 d 2 4 vy

= (nyrszrxz)2 <64
= dpcm.
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3. Chimg minh rang néu phuong trinh x* + ax® + bx* + ax+1=0 ¢ nghiém thi:
a’+b’ >
*Hudng dan
Goi x la nghiém cua phuong trinh da cho:
x'tax’ +bx* +ax+1=0 (= x#0)
Chia 2 vé cho x* > 0, ta duoc:

(x +xij+a(x+ j+b 0 (1)

f>2.

< 1
batt=x+—,
X

(D)o +at+b-2=0 <2-t"=at+b
ApdungB.C.S:(z—tz) (at+b) (a +b2)(t2+1)
(2-7)

-1

4

< 2-¢
Ta de chung minh duogc: (1‘2—1) — (. danh cho ban doc tu chirng minh).

=a*+b*>

U1

:>a2+b22§

4.Chox,y,z>0théa\/5+\/;+ xz:l.Timgiétrinh(’)nhétcﬁa:
2 2 2
r=" 4+ .2
xX+y y+z z+x
*Hudng dan
Ap dung bat dang thurc B.C.S:

+) 1:\/;\/;+\/;\/;+\/;\/;S\/x+y+z \/x+y+z =x+y+z

+) (x+y+z)2=(%\/m+\/_\/y:+ \/—J

2 2 2
S( AR A j(x+y+y+z+z+x):2T(x+y+z)
X+y y+z z+x

:>TZ%()c+y+z):l

Dau “="xayra @x:y:z=§
A . | 1
VayMzn(T)=E khlx:y=Z:§.
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5.Cho x> y > z > 0. Chimg minh rang;
2 2 2
A S Y=
z X y
*Hudng dan o
Ap dung bat dang thuc B.C.S:

2 2 2 2 2 2
(xy+yZ+ij(xz+yx+zyJZ(x2+y2+zz)2
X

z x y )Ny z
Xét hiéu:
2 2 2 2 2 2
Xy Yz Tx Xz oyx Zy
z x y y z x
1
LI VY 0 (@
xyz(x Y)(y-z)(z=x)(xy+yz+xz)>0 (2)

2 2 2
Te(1),Q) =22+ L2425 224 2
z Y

Diu“="xdyra < x=y=z

6. Cho AABC,M la diém bat ki trong tam gidc. Goi X, y, z, la cac khoang cach tr M xuéng BC,
AC, AB. Chung minh rang:

2 2 2
iyl s [T

*Hudéng dan

Taco: S, +Syci+Suus =9

NESD

ha hb hc

Taco: h+h,+h =(h,+h +h)| —+2+—
Wb h

a c

Theo bt dang thire B.C.S, suy ra:
ha+hb+h62(\/z ESN hL@JhZ]

a b (g
= Jh, +h,+h 2x+Jy+Vz (1)

Do trong moi tam gidc nén ta co:
h,=bsinC; h, =csin 4; h, = asin B nén:

Jh +h, +h, =Jh, =bsinC+h, =csin A+, =asin B = W
Theo bt ding thirc Causi:
a+b*+c
Jh b +h = —— (2
a b c 2R ()
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Tu (1), (2) suy ra dpcm.
Dau “="xdy ra khi AABC déu, M la trong tdm tam giac.

' ) ] C!lu’(rng 1A%
BAT PANG THUC TRE - BU — SEP (TCHEBYCHEY)

1. Phat biéu
- Cho 2 diy sb a,,a,,4a;,...,a, va b,b,,b;,....0,

+ Néu 2 ddy s6 cung ting hodc cung giam
Gqsa,sa;s..<a, g 2a,2a2..2a,
b <b <b<.<b " \p2b2b2.20
1 =72 =73 —*"—%n 1 =72 =73 = *"=—"%n

Tact: (04405040, +by +h .th) Silah sty s b )

+Néu 1 ddy tang, 1 diy giam
a,<a,<a;<..<a, az2a,2a,2..2a,
{bl >h >h >, >h DO {bl <b <b<..<bh
Ta co:
(a,+a,+a,+..+a,) (b +b,+b,+...+b,) > n(ab +ab, +a;b, +..+a,b,)

a=a,=a,=..=a,

Dau “=" xay ra khi va chi khi |:bl =b,=b,=...=b,

I1. Cac vi du

Vidul:Cho a+b2>0 .
Chirng minh (a +b)(a3 +b )(as +b5) < 4(a9 +b9)
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Giai
Gid st

a >b
a>b=
a>b

Ap dung bt dang thirc tré — bu — sep, ta c6:

[a3+b3j£a5+b5] a® +b°
= (D
2 2 2

Nhén vé cua (1) cho

>0 taco:
2 b

f e

Ciing theo bat dang thirc tré — bu — sep ta c6:

(aﬂ-bj a®+b° < a’ +b’
2 2 - 2
(a+b)a’ +b’)a’ +b°) < a’ +b’
8 2

& (a+b)(@ +b°)d* +b°) <4 +b°)
Dau “=" xdy ra <a=b

Suy ra:

Vi du2: Cho diy s6 duong trong d6 : Cll2 -|-6122 +...+af > 1

@
Chtrng minh: o

Véi s=a, +a,+...+aq,
Giai
Khong mét tinh tong quat ta gia sir: @, =@, =...2a, do:
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a, >O—Vi=1,2,3,...,n:> a, a, a

Ap dung bat dang thirc tré — bu — sep, ta co:

(a|2+cé++af)£ L B }s:{ Gl

s—a S—a s—a,
a+a+..+a >1
Nén tur (1) suy ra:

3 3 3

a a a I{ a a a

L —2 4+ >—( L —2 4 4+ j(z)
s—a, s-—a, s—a, n\s—a s—a, s—a,

Mat khac:

a a a

L+ —2 4+
s—a, S—a, s—a,

1

- L <s—q>+<s—a2>+---+<s—an>](1 s IJ—n o

n—1 s—a | s—a, s—a,

Ap dung bat dang thirc cosi ta co:

[(s—al)Jr(S—a2)+...+(s—an)][_1 T — ]2'@2(4)

s—a, s-—a, s—a,
‘ = 4 + i +ot 4, > 1
Tir(2), (), () = T T et T T (dpe)

Vidu 3: Goi q,,a,,...,a, 1a cac canh ctia n giac va goi c la chu vi ctia da giac

. @ b 4 S "
Chting minh rang : =
c—2a, c¢-2a, c—2a, n-2

Giai
Khong mat tinh tong quat, ta gia st
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c—2a, <c-2a,<..<c-2a,

> > >
Cll _612 _..._an — al S a2 S S an

c—2a, c¢-2a, c—2a,

Ap dung bét dang thirc tré — bu — sep, ta co
AN
(1)

1 a”

c—2a c—2q, c—2a,

Mat khac
(c—2a1 )+(c—2a2)+...+(c—2an) =nc—2a, +a,+..+a,)=(n-2)c

‘ o q @Q , . 4  nc _ "
Thaymo(l)tam:c—2a1 c-2a,  c¢-2a, (n-2)c n-2
4@ __4H _ __4
DAu “=" xay ra ole=2a, ¢-2a, = ¢-2a,
c—2a, =c-2a,=..=c-2a,
Sa =a,=...=a,

I11. Bai tap twong tw
1.Cho a,b,c >0 ching minh:

a b c
>

+ + _3
b+c a+c a+b 2

*Hudng dan
Khong mat tinh tong quat, ta gid st: a>b>c¢>0
b+c<a+c<a+b

S
uyra a_ b 5 ¢
b+c a+c a+b
Ap dung bt dang thirc tré — bu — sep cho 2 diy: b+c, a+c, a+bva
a b c

b+c a+c a+b

2. Cho a,b,c théa a* +b* +c*> >1 chirng minh :

3 3 3
a b c

1
>_
3 b+c a+c a+b 2
*Hudng dan
Khong mat tinh tong quat, ta gid st:a>b>c
a’>b’>¢’
Suy ra
y a_ b S ¢

b+c a+c a+b
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Ap dung bt dang thirc tré — bu — sep cho 2 day:
A>b > va 4> b > ¢
b+c a+c a+b

' ) Chuong V
BAT PANG THUC BERNOULLI

I. Phuong phap gidi toan

Cho a>-1,1<neZ thi (1+a)21+na
, a=0

Dau “ =" xay ra khi va chi khi -

I1. Cac vi du

Vidul: Cho n € Z, n>3.Ching minh In>n+1

Giai:

Tacé: "Yn>n+l & n" > m+1)"

= (n,—qkl)n > nil

Ap dung bat dang thirc Bernoulli:

n Y 1y n 1
=l >l-——=—
n+1 n+1 n+l n+l

= dpcm

Vi du 2: Cho a,b,c >0. chimg minh : (b+¢)* +(c+a)” +(a+b)* >2 (¥
Giai:
e Néu trong 3 s6 a,b,c c6 mot s6 16n hon hodc bang 1 thi bat dang thirc (*) ludn
ding.
e NéuO<a,b,c<l
Ap dung bét dang thirc Bernoulli:

b+c b+c b+c b+c

N (b+c)a > b+c (1)
at+tb+c

Ching minh tuong tu :
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a+t+c

b
(c+a) > e a+b+c @)
a+b
(a—i—b) Z Cibie a+b+c (3)

Cong (1)(2)(3) ta duge: (b+¢)* +(c+a)’ +(a+b)° >2 (dpem)

. a+b +c a+b+cY
Vi du 3: Cho a,b,c > 0. chitng minh rang : 2 (1)

3 3
Giai:

. s 3a ’ 3b ’ ( 3c js
Bat dang thie (1 + + >3
At dang thuce ( )Q(a+b+cj (a+b+c} a+b+c

Ap dung bat dang thirc bernoulli:

3 : EPYAY 5(b+c-2
(—aj =(1+b+c—2“j o1y (b*e=2a) @)
a+b+c a+b+c a+b+c

Chirng minh tuong tu:

( 3b T:(l+a+c—2b)5>l+5(a+c—2b) 3)

a+b+c a+b+c at+b+c
5
( 3c ] _( a+b-— 2cj 5(a+b-2c) A
a+b+c) a+b+c a+b+c @)
Cong (2)(3)(4) ta duoc:
3a Y i
o) ) () =
a+b+c a+b+c a+b+c
= dpcm

I11. Bai tap twong tu:

1. Chlirng minh réng véimoin=1,2,...ta co:

n n+l
a) (1+lj <(1+—1 J
n n+l1

Y 3
l+—| <3-
b)( nj  n+2

* Huéng dan:
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1 n+l
(1+1j 5 2 oy Y
a) Bién doi AT/ thanh ZfZ) 2R
( 1) n+1\n°+2n+1
I+—
n

b) Dung qui nap, sau d6 ap dung bat dang thirc bernoulli :
k
[ . j L k+3
k*+2k k+2

2.Cho 2 sd tunhiéna<b<c. chirng minh rﬁng v&i moi sd tu nhién n>a, ta co bat déng
thuc: a” +b" <c" (%)

*Hudng dan:

. cY a)
Viét bat dang thirc (*) dudi dang tuong duong (Zj > IJ{ZJ

. 1 n+l
3. Chirng minh rang (1 + —) > (1 +
n

n+2
j ,n>1, neN

n+1
*Hudng dan:

(]+1jn+2 n+l

, , 1 1

Bién doi Nontl) thanh | 1— > (l+—)
(n+1) n+1

n+l
n

. . T
4. Chirng minh rang néu 0 <a < > thi ta co:

2+tan

(2+sina) >(3+tana) ™" (1)

*Hudng dan:
bit x=1+sina, y=2+tana

Bét déng thite (1) < (1+x)" > (1+y)"

’ Chwong VI ) . '
AP DUNG TINH DON PIEU CUA HAM SO

L. Phwong phap giai toan:
Gia str can chung minh bat dang thic f(x) > g(x), xe(a;b)
Xét ham s6 h(x) = f(x)— g(x) v6ixe[a;b]
e Néu h(x) déng bién trén (a;b) thi A(x) > h(a),Vxe(ab)
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e Néu h(x) nghich bién trén (a;b) thi A(x) > h(b) hoac h(x) <h(a) v&1 Vxe(a;b)

I1. Cac vi du:

Vidu 1:
Chtng minh ring tanx >sinx, Vxe (0; g)
Giai:

Xét ham sd f(x) = tanx —sinx voi xe [O;g)

Taco: f'(x) = —COSX
cosx
3
! cozsx >0 (Vvxe [O; E} )
cos’x 2

= f(x) déng bién trén khoang x e [0;%}

= [(x)>f(0), xe(o;gj
Hay tanx—sinx >0, VXE(O;%)

= tanx >sinx VX e (O;gj

Vidu2:
Chung minh e >1+x, Vx>0

Giai:

Xétham sd f(x):e* —1-x vGi x €[0;+x)
Tacod: f'(x)=e" -1>e’-1=0, Vx>0
= f(x) ddng bién trén (0;+o0)
= f(x)> f(0) (Vx>0)
Hay e¢"-1-x>0 (Vx>0)

=e >l+x  (Vx>0)

Vidu 3:

Ching minh vé1 mgi AABC nhon ta luén ¢6 sinA + sinB + sinC +2( tanA+tanB+tanC) >3n.

Giai:

Xéthamsd f(x)=sinx+2tanx—3x Vi xe[O;gj

Tacod: f'(x)=cosx+—5-3

cOS X

26



cos’x —3cos’x +2

cos’x
_ (cosx— 1)(cos’x —2cosx —2)
cos’x
_ (cos x—1)(-sin’x —2cosx —1)

2
CcOS X

>0

(Vi ¥ E[O;g)’ cosx—1<0, -sin’x—2cosx—1 <0)
= f(x)ddng bién trén (o;gj

= f(x)> f(0), Vxe (o;gj

Hay sinx+2tanx—3x>0(1)
Trong bat dang thirc (1), thay x lan luot boi A, B, C voi A. B, C 1a s6 do 3 goc nhon AABC

Tacod: sinA+2tan A—-34>0
sinB+2tanB-3B>0
sinC+2tanC-3C>0

Cong vé theo vé ta duoc:
sin A+sin B+sinC+2(tan A+tan B+tanC)-3(A+B+C)>0

=sinA+sin B+sinC+2(tan A+tan B+tanC)—-3n >0
Vidu4:
Cho 0< <§.Ch1’mgminhra°1ng:
22 0% 4]

Giai:

DO Zsinajztana > 2 lzsina +2tanzx (1)
Xét ham s6 f(x)=sinx+tanx—2x VOl x € [0;%)

Ta co:

f'(x)=cosx+ 12 -2
cos” x

_cos’ x—2cos’ x+1

cos’ x
3 (cosx —1)(cos® x —cosx —1) 20
cos’ x

. T
(Vlvmxe[O;Ej, cosx—1<0, cos’ x—cosx—1<0)

= f(x) dong bién trén [0;%}
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T
Doo<a<=
2

= f(a)> f(0)
Hay sina+tana—2a >0
=sina+tana >2a (2)

Thay (2) vao (1) ta co:
zsina +2tana > 2 20: — 2a+l (dpcm)
Vidu5:
Cho 0 < a < g <~/6 . Chimng minh ring;
ﬂ3
sinf P g
. > 3
sina a
a—-2
6
Giai:
x3
2

Xéthamsd: f(x) = 6 véi xe(0;m)
sin x

. X x’ cosx
sinx — —sinx—xcosx+
Ao 1 —
Taco: f'(x) = — (D
sin” x
g . X’ x’ cos x
bat: g(x):smx—?smx—xcosx+
, . x° . x’ x’ sin x
:>g(x):cosx—xsmx—?cosx—cosx+xsmx+7cosx— 6

J— 3 1
:%<O, Vx € (0;m)
= g(x) nghich bién trén (0;7)
= g(x) <g(0), Vx e (0;m)
2

: X’ X’ cosx
Hay smx—7s1nx—xcosx+

<0, Vxe(0;m).

Theo (1) = f'(x) <0, Vxe(0;7)
= f(x) nghich bién trén (0;7).
D0n>\/g:>0<oc<[3<n
= f(o)> f(B)
3 3
a-’ g b
Hay — 6 . - 6
sinx sin
Do sina > 0,sin >0

3 3
oc—%>0,,8—'%>0 0 < a <+/6)
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,83

. B—r-
:S%nﬁ> 63 (0 <o < B <~/6)(decpem)
sin & a
a_i
6
Vidu 6:
Cho -2 , x>0
f(x) \/m X

a. Ching minh rang: x—x—<f(x)<x, Vx>0

{2 (3] )

avVx>0=2>Vx+l>1l=> —— -
x+1 x+1

= f(x)<x (1)
Mat khac:
1 b .
Xét =] 1-=| VO1 x>0
g(x) — ( 2) x

1
Taco: g'(x)==|l————
2{ Joern?
= g(x) dong bién trén (0;+0)
= g(x) >g(0), Vx>0

]>O,Vx>0

Hay (1——j>0, Vx>0

yme

1

Vx+1
X
Vx+1
2

:>ij>x—%;, Vx>0(2)

= >1—§, Vx>0

2

= >x—%3Vx>O

2

T (1) va(2) = x—%< f(x)<x, ¥x>0 (dpem)

b. Dit S,= f(iz}rf(%}r...f(%j
n n n

2
Tﬁc&uux—%?<f{ﬂ<x,Vx>O

.2

i i I i,
:>—2——4<f(yj<? (ZZI,I’Z)

n- 2n

29



142+..+n P+2°+..+n° n(n+1)
5 - Z <Sp< >
n 2n 2n
D) (D@ o o)
2n 6.2.n 2n?
n+1_(n+1)(2?+1)<sn<n+l
2n 12.n 2n
: +1 +1)(2n+1 . n+l 1
vi lim[2H - )(3” )= tim 2 L
el 12n e 2p 2
= lim S,=~
n—>+oo0 2
II1. Bai tap tuwong tu:
1. Chirng minh r(:flng cosa+acosa>1vli x e O;g
* Hudng dan:
Xéthamsd f(x)=cosx+xsinx—1 voi x e 0;%

Chimg minh 7(x)> 0 véi x e [o;ﬂ
2. Chitng minh rang néu A4BC ¢6 3 goc nhon thi:
sin A+sin B+sin C+tan A+tan B+tan C>2mw
* Hudng dan:

Xét ham sd f(x)=sinx+tan x—2x V01 x €|:0;g:|

Ching minh f(x)>0,Vxe [0;%} . Thay x b?lng A, B, C 1di cong lai.

3x

3. Chimg minh ring 22" + 2™ > 22

* Hudng dan: Ap dung bat dang thic cosi cho 2 s6 duong 22", 21

Xétham s6 f(x)=2sinx+tanx—3x VSi x (O;g)
4.Cho a <6, b<8, c<3.Chimg minh ring v6imoi x>1 ta déu cé x* > ax’ +bx +c
* Huéng dan:

Xét ham s6 f(x)=x"—ax*—bx—c, Vx=>1

Ching minh: f(x)> f(1)=1

5. Chtig minh rang: Vx e (0;%)

a.sinx<x
3

) X
b. smx>x—€
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. 3
S x
C. > COSX
X

* Huéng dan:
a. Xétham sb f(x)=x-sinx, Vxe(o;gj

3
b. Xétham so g(x)zsinx—x+%, Vxe(O;gj

(Duavao cau a)

. 3 2\3 2 4
c. Theocaub: [ | 5|1-X , Xét ham so h(x)zl—x—+x——cosx,Vxe 0;E
X 6 2 24 2

) Chuwong VII
AP DUNG PHUONG PHAP TQA DO

I. Nhiing diéu cin luu y

° 5=(x,y):‘c;‘=\/x2+y2
d A(x 4,4, B('XB’yB):AB:\/(XB_xA)2+(yB_yA)2

u‘—‘v‘ﬁ‘u+v‘£‘u‘+‘v‘

Dau “=" xay ra khi va chi khi u, v cung hudng.
qu+v+wlsiu V| w
Tuong tu :ju+v+w| <|u|+|v|+

‘u.v‘ < ‘qu‘

I1. Cac vi du

Vidu 1: Cho a,b € R . Chimg minh: \/(a+c)> +b> ++/(a—c)* +b* 2 2\a’ + b’

Giai:
Xet: wu=(a+c; b),v=(a+c, b)y=>u+v=_2a; 2b)
M: (a+c)+ b
Suyra Mz (a—c)’+ b’
‘ﬁ+§‘:\/4 244D =2\d* + b
Ma:
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2

u+€\
= J(@+c)+ b +f(a—c)+ b 2 2a* + b

Vidu2: x,yeR.Ching minh:
VI +497 +6x+9 /x> +417 —2x—12y+10 25 (1)

Giai:
Taco (1) < (x+3)° +(29)* +/(1-x)* +(3-2y)* 25
Xét: u=(x+3; 2y), v=(1—x; 3-2y)
—u+v=(43)

Ta co:
o] =3+ 290
|V =a-x+3-2y)
‘ﬁ +\7‘ ~J16+9 =5
Ma:
\&H %\z\&w\
= J(x+3)* +(2y) +(1-x)* +(3=2y)* =5
= (dpcm)
II1. Bai tap tuwong tu:

2 2
o X +xy+y =3
1. Gidsu x,y thoa { | Y yz (*)
y+yz+z =16

Ching minh xy+yz+xz <8

*Huéng dan
Xét:
n=(+; ﬁx)
YT

5=(?x; y+£)

»aﬁﬁﬁﬁﬁ

DuUv=yz—+xz— Z—=—(xy+yz+xz
4 2 4 2 4 2 (. )
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2

\;\:\/y”x:*xw%xz:ﬁ do (*)

2
M =\/%z2 +y° +yz+% =416 do(*)

‘MHV‘ > ‘uv‘

=48 273 (xy+yz+xz)

& xyp+yz+xz<8

2 .Chox,y,z € R.Chimg minh : \/x2+xy+y2 X+ xz+ 2 Z\/yZervaZ2

2 2
*Hudng dan: Vé trai bién doi thanh: \/(x %) +% 3+ \/(“Ej +%Zz

2. Cho a,b,c>0, ab+bc+ac =abc.Ching minh :
2 2 2 2 2 2
\/b +2a +\/c +2b +\/a +2c¢ Z\/g
ab bc ac

Huéng din: V& trai bién ddi thanh : \/Lﬁb% + %+% +\/i2+%
a C C a

] _ Chuong VIII: ‘
CHUNG MINH BAT DANQ THU”C BANG QUY NAP
HOAC PHAN CHUNG

I. Phuong phap gidi toan:
* Quy nap:
Muén chtng minh ménh dé Py phu thudc vao ne N, ding Vn>n,( n, hing s
e N), ta thuc hién 3 budc sau:
Budce 1: n=n,: Chung minh p,, dung.
Budc 2: n=k(k e N): gid st p, dung.

Budce 3: n=k+1: Chung minh py + ;) dung. Nguyén 1y quy nap cho phép ta két luan, Pm)
dung Vn>n,. Dac biét: néu n, =1 thi két luan p,) ding Vae N.
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* Phan chung:
Ta goi mot ménh dé can chirng minh la luan dé: “G=>K”
Phép toan ménh dé cho ta:
G=>K=GvK=GAK=GK
Nhu vay, mudn phu dinh luan dé ta ghép tat ca gia thiét cta luan dé voi phu dinh két luan
cua no.
Ta thuong dung 5 hinh thirc ching minh phan chirng nhu sau:
1. Dung ménh d& phan dao: K =V .
2. Phu dinh luan dé rdi suy ra diéu trai gia thiét: GK = G.
3. Phu dinh luin dé rdi suy ra diéu trai véi mot diéu ding: GK=S.
4. Phu dinh luan dé rdi suy ra hai diéu trai nhau: GK = CC
5. Phu dinh luan dé suy ra két luan coa ludn d& GK = K .
II. Cac vi du:
*Quy nap:

/ . ~ 1 ~ , .
Vidu l: Cho neN, n21, a,,a,,...,a, 20 théa man a,+a, +...+a, SE. Hay chirng minh:

(l—al)(l—az)...(l—an)z

Giai:

N | —

*n=1:q S%:l—alzéz Bai toan dung.

* n=ke N : Gia st bat dang thirc dung 1a:
1

(1—al)(l—az)...(l—ak)ZE

* n=k+1: Ta cin ching minh (1-q,)(1-a,)...(1-q,,)>

N | —

Taco: (1-q,)(1-a,)...(1-a,,)
= (l—al)...(l—ak_l)[l—(ak —ak+1)+akak+l]

1
>(1-q)...(1-a,_, )[1-(a, —akﬂ)]zg
(Vi:i g +a,+...4+a,  +(qa, +ak+1)S%)

Suy ra: Bat dang thire dang voi n = k+1.
Vay theo nguyén 1y quy nap, ta c6 dieu phai chirng minh.

Vidu2:Cho neN, nx1, a,>0,i=1,2,...,n. Hay chimg minh:

(1 1 1 j ,

(a,+a,+..+a,)| —+—+..+— |=n

a @ a,

Giai:

* nzl:al.i:IZ:Bét dang thtc ludn dung.
a

* n=k: Gia sir bat dang thirc dung la:
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1 1 1
(al+a2+...+ak)(—+—+...+—j2k2
a, 4, a;
* n=k+1: Taxét:

I 1 1
(@, +a,+..+ay,)| —+—+..+—
a4  a, Qs

I 1 1 1 I 1 1
=(q,+a,+..+a, )| —+—+..+— |+(aq+a, +..4a ) —+a,, | —+—+..+— |+1
a 4a, a, ) a, 4a a;

2k2+( & +a’”‘j+( % +a’”‘j+...+(a—"+h}
Gy G4 Ay @ Ay 4
2k2+2k+1:(k+1)2
— Bat dang thirc dung v6i n=k+1
=dpcm ‘
Vi du 3: Chirng minh rang:

n" >(n+1)n_l,‘v’neZ,n22

Giai:

n—1

n' =4 -
*p=2= =n">(n+1)
n+1) =
* n=k>2: Gia st bat dang thirc ding 1a: £* 2(/’c+1)k_1
*n=k+1: Taxét:
K (k+1)" > (k1) (k+1)

:(k+1)2k*2(k+1)2

=[(k1y ] (ke1y

> (k2 +2k) " (K +2k) vis (k+1)° =k 2k +1> k> + 2k

k+1

k+1

> it (k+2)" = (k+1)" > (k+2)" = Bat dang thic dung véi n=k+1

= dpcm.
Vidu4:
Cho neZ, n>1, a,b>0. Hay chirng minh:

a"+b Z(a—kbj
2 2

Giai: o
*n = 1: Bat dang thuc luon ding.

k k k
% n=keN: Gid sir bit dng thirc dtng, tirc 1a: & ;b Z(a;bj

k+1 k+1 k+1
A . . a " +b a+b
* n=k+1: Ta can chiing minh 2( j

2 2
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k+1 k k k
That vay: Ta c6: (a;—bj :a+b.(a+bj Sa+b a"+b

2 2 2 0 2
Ta can ching minh:
k k k+1 k+1
a +b L a +b
2 2
= (a+b)(ak +b" ) < Z(a"+1 +bk“)
< abt +a'b<a* + 0
= a(ak —bk)—b(ak —bk) >0
< (a —b)(a" —b* ) >0 (ludn dang).
* Phan chung:
Vi du 1: Cho 4 s6 a, b, ¢, d thoa diéu kién: ac>2(h+d) (1). Chimg minh ring c6 it nhat

mot trong hai bat dang thirc sau 14 sai: o’ <4b; ¢* <4d .

Giai:

Gia st hai bat ding thirc a®> <4b va ¢’ <4d déu dang, cong vé voi vé hai bat dang thire
A 2 2 2 A 17

trén ta duoc: a’ + ¢’ <2ac < (a—c) <0 vo ly.

Vay c6 it nhat mot trong hai bat dang thirc a® <4b va ¢* <4d 14 sai.

Vi du 2: Cho céc sd a, b, ¢ thoa diéu kién:
a+b+c>0 )]
ab+bc+ca>0 (2)
abc >0 3)

Chirmg minh rang a >0, b>0, ¢>0.

Giai:

Giastt a<0,tr(3)taphdico a#0 dodd a<0, cling tr (3) va a<0 suyra bc<0
Tu (2) suyra a(b+c)=—bc>0=b+c<0 (vi a<0)

Suyra a+b+c<0 vo ly voi (1).

Vay a <0, tuong tu ta cing c6 5>0, ¢>0.

Vidu 3: Cho 0<a,b,c<2.Chirng minh c6 it nhdt mot trong cac bat dang thirc sau day 1a
sai: a(2—b) >1; b(2—c) >1; c(2—a) >1.

Giai:

Gia str cac bat dang thirc trén déu dung, khi 6 nhan vé voi vé cac bat dang thuc lai voi
nhau ta dugc: a(2-b)b(2—c)c(2-a)>1
Ta lai co:

a(2-b)=2a-a" =1-(a*-2a+1)=1-(a-1) <1
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Tuong ty: b(2—-c)<1va ¢(2-a)<1

Do 0<a,b,c<?2 nén:

a(2—b)>0; b(2—c)>0; c(2—a)>0

Va lac d6 ta c6: a(2-b)b(2-c)c(2-a) <1, mau thudn véi (1). Vay c6 it nhat mét trong
cac bat dang thirc da cho 1a sai.

a+b+c>0
Vidu 4: Cho <ab+bc+ca>0.Hay chung minh: a,b,¢>0.
abc >0
Giai: , , )
Gjé st nguoc lai, trong 3 s6 a, b, ¢ ¢6 (it nhat) mot s6 <0. Vi b, ¢ vai tro nhu nhau, ta co
thé xem a<0.
*abc>0=a<0, bc<0

* a(b+c)=ab+ca>-bc>0
=>b+c<0.Vay: a+b+c<0= voly. Vay: a, b, ¢>0.
I11. Bai tap twong tu:
* Quy nap:
1. Cho x =42, X, =\2+42,..., X, :\/2+\/2+\/...+x/5 ( gdm n can). Chimg minh rang:
V2<x <2.

* Huéng dan:
Ap dung phuong phép quy nap dé chimg minh /2 < x,,, <2 tu do suy ra dpcm.

2. Chimg minh rang: [sinnx < nfsinx|, Vne N, VxeR.

* Huéng dan: ,
Ap dung phuong phap quy nap va céc tinh chat:
{|a+b| < |a|+|b , Va,be R

cosx| <1, VaeR

2

|sinx

Dé chimg minh [sin(k +1)x| < (k +1)|sin x| tir d6 suy ra dpem.
3. Cho ne N, Chimg minh rang: ¢* > 1+%+;—2'+...+2—}:, Vx>0
* Hudng dan: - .
Dé ching minh e"21+£+x—2+...+ .
12t (k1)

2 k+1

X X X
= —|l+—+—+..+
fx)=e ( 20 T (k)

ta xét ham so:

j xét f'(x)tor do suyra f(x)> f(0) hay

: X x2 xk+l
e 2l+—+—+..+
1 2! (k+1)!
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4.a,b, cla sb do ba canh ctia mot tam giac vudng voéi ¢ 12 canh huyén. Ching minh rang:
Mep <, neZ’.
* Huéng dan:
Ap dung quy nap: v6in = k+1:
20D 4 p2h) (aZk L )(az +b2)—a2b2k _p2a?* < oo = 2D

5. Chtrng minh rang:

a. L+ 1 +...+i>£ (n>1)(1)
n+l n+2 2n 24

b 122 .2” Lo L en)
2476 \/3n+l

* Huéng d?m:

a. Str dung quy nap dé ching minh:
Véin =2 thi (1) dang, gia st (1) dang voi n =k, chung minh (1) ding véi n=k+1.
Véi n=k+1, bién doi vé trai ta duoc:

(L+L+...+—j+ 1 + L1
k+1 k+2 2k ) 2k+1 2k+2 k-1
SN
24" (2k+1)(2k+2) 24
b. Sur dung quy nap: voi n =1 thi (2) ding, gia st (2) ding voi n = k, chimg minh (2)

dung v6i n=k+1. V&i n=k+1, bién d6i vé trai ta dugc:
35 2n+1 1 2n+1

1
2°4°6 '2n+2 J3n+l 2n+2
1 2n+1 1

: <
n+1 2n+2 f3n+4
(2n+1j2 3n+1
2= <
2n+2 3n+4
& (2n+1) (3n+4)<(2n+2) (3n+1)
< 0<n (ludn dung)
Tu day suy ra dpcm.

* Phan ching: ‘
1. Cho ba s0 duong X, y, z théa diéu kién xyz = 1.

— = dpcm.

Ta can chirng minh

. P z | N O U Iy
Chung minh rang néu: x+ y+z>—+—+— thi ¢c6 mot va chi mot trong ba s6 nay lén
X y z

hon 1.

* Hudng dan:
Xét tich (x—1)(y—1)(z-1) tir d6 suy ra chi c6 mét va chi mét trong ba $6 x—1;

y—1; z—1 duong. Néu ca ba sé déu duong thi x,y,z>1, do d6 xyz>1. Trai gia thiét. Con
néu hai trong ba s6 nay duong thi tich: (x—1)(y-1)(z-1)<0; vd ly. Vay chi c6 mét va
chi mdt trong ba ‘sé X,Y, Z 1(’)"11 hon 1. ) .

2. Chirng minh rang khong ton tai cac so a, b, ¢ dong thoi thoa man (1), (2), (3):
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la|<[b—¢| (1)
6| <|c—a] (2)
le|<|a=8] (3)
* Hudng dan: ’ o ‘ q
Binh phuong hai vé cua (1), (2), (3) sau d6 chuyén vé va ap dung hang dang thirc
A*—B*=(A-B)(A+B) cubi cung nhan ching lai v6i nhau ta  duoc:
—[(—a +b+c)(a—b+c)(a+b —c):|2 >0 =v0 ly, viy bai toan duoc chirng minh.
3. Cho a,b,c>0 va abc=1. Hay chung minh: a+b+c¢>3

* Hudng dan:
Gia st nguoc lai: a+b+c<3(1), nhan thém ab vao hai vé cua (1) r61 bién doi
twong duong ta duoc: ab’ +(a2 —3a)b+1< 0.

Dit f(x)=ab’+(a’ —3a)b+1 xét A clia f(x) tacd A<O

. labc>0 A 1o
Vi =0<a<3= f(b)>20=>Vvo ly = dpcm.
a+b+c<3
£ oA . 1 tan3x
4. Cotontai x e R sao cho: — < <3?
tan x
* Hudéng dan:
Gia st ton tai xe R dé: ls tan 3x <3.Luc do:
3 tanx

xiknEJrkn,EJrE(keZ)
2 6 3

lgtan3x£3

3 tanx

_ 8 S0 i

1—-3tan’ x {1—3tan x>0
=

1-3tan’x <0

=vo ly

Stan’ x Y
1-3tan’ x
Viay khong ton tai x € R thoa man diéu kién dé bai cho.
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BAI TAP TRAC NGHIEM TONG HQP

1. Cho A4BC, tim GTIN cia f=-2cosCcos(4—B)—cos2C (A, B, Cla 3 goc cua
tam giac)

A2 B.0 C.1 D. 3
3 2
2. Tim GTNN cua A4 =sin® x + cos® x
1 1 ., ,
A — B. — C. 1 D dap an khac

8 16
3. Tim GTLN & GTNN cia  y =sinx(1—2cos2x) lan luot 1a:

1
A. E;x/i B. 1;2 C.3;-3  D.dap an khéc
4. VAABC , GTLN cua f =sin’ gsin2 gsinzg

A. 27 B. 12 C. é D. dép én khac

5. GTNN ctia c:liﬁ véi 0<x<l1
—X X

A 245 B.5+2y/5 C.5-25 D.dap ankhac
6.a,b,cla3canh A,m, ,m,,m_ 133 duong trung tuyén clia a, b, c. bt déng thure
ding:

a+b+c
———=<m,+m,+m,<a+b+c

a+b+c
B ————<m +m,+m <a+b+c
2 a b c

a+b+c
c ———<m +m, +m _<a+b+c
. 2 a b c

D. tat ca diéu sai
7. TG gidc ABCD, dudng chéo AC, phat biéu nao dung:

< AB+ BC+CD+ DA

2
_AB+BC+CD+ DA

2
>AB+BC+CD+DA

2

A. AC

B. 4C

C. 4C
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D. dap an khac
8.a, b, cladodai3 canh A , phat biéu nao ding:

A. a’ +b>+c* >2(ab+bc+ca)
B. @’ +b* + ¢ <2(ab+bc+ca)
C. a’+b>+c”> <2(ab+bc+ca)
D. a’ +b>+c* > 2(ab +bc + ca)

9. h,,h, 1a duong cao AABC | phat biéu nao dung:

1
A S 2 h h,
l
B. Sipc < 5 —h,h,
1

C. SABC <5h hb

1
D. SABC >5hahb

10. A, h,,h. 1a 3 duong cao AABC | phat bidu nao ding:

A S, e > 1/hhh

1

. ABC 53 (hahbhc )2
1

ABC =< 5 \ (hahbhc )2
1

ABC = 5 \ (hahbhc )2

11. Bét dang thirc ndo sau day sai?

A. a*+b*+1>ab+a+b B. a*+b*+4>ab+2a+2b

2 2
CLip s8¢ g D. \/_+\/Z>,f—+\/Z
4 2 2 a

12: Cho a,b e R , bt déng thirc nao sai:

2 2 2
A.(a;bj Sa ;—b B. ¢’ +b*>2ab
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C.a*+b*>ab’ +d*b

13: Gid tri 16n nhit ctia A:x(x2 —6) biét 0<x<3:

D.a’+b*+1<ab+a+b

A.5 B.4
C.9 D.0
14: Gia tri nho nhat coa y = 5x> +3x—14 1a;
N 17
20 2
c.-B p. -2
2 2
r \ 3
15:Gidtrimax cua y = —5———
4x” +4x+5
A2 B.>
2 4
c.? D2
7 7
2_
16: Gié trj nho nhét ciia y =~ X7 13,
x —6x+12
A -3 B. -3
2
c.-2 D. -2
3
; x2+y2
17:V6i x> y>0,xy =1. Gia trinhéd nhat ciia 4 = la:
x=y
A 2\2 B. 242
e ¥2 D, Y2
2 2
18: Néu co a > b > ¢ > 0. Xét bt dang thirc sau:
a-c_ b-c b
a. b. ab > ac C.—>—
b—aq b—a
Phéat biéu ding:
A.Chia B.Chib C.a&b D.b&c

19: Cho a® <b*,a,b # 0, xét cac bat dang thuc sau:

a’> b 1 1
a —>— b. —>—
b a a b
Phéat biéu ding:
A. Chib ding B.Chia&b C.Chib&c
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20: Gia tri nho nhat cua 4 =2x> —4xy+5y° —4x—2y+2 la;
A.-3 B.-2 C.-1 D.0

_ 2
21: Gi4 tri 16n nhit cia: A:x—“;zf (0<x<1)la:

A. Mot sb nguyén duong B. Mot s6 nguyén am
C. Mot s0 hiru ti D. Mot so vo ti

22: Tim ménh dé ding:

A.a<b=ac<bc B.a<b:l>l
a
C.a<bvag<d= ac<bd D.CaA, B, C déu sai

23: Tim ménh dé sai:

A.|a+b|£|a|+b,Va,b B.|a—b|2|a|—b,‘v’a,b
C.a*>0,Va D.—|a|£a£|a,Va
24: Cho a,b,c > 0. Xét cac bat d'fmg thirc:
a.£+222 b.£+é+£23 c.g+é+£2 2
b a b ¢ a b ¢ a a+b+c
Bat dang thirc diing:
A.a B.b C.c D.Caa,b,c

. l+a 1+b N X 4
25:Choa>b>0 va x= P > . Ménh dé ding:

l+a+a 1+b+b

A x<y B.x>y C.x=y D. Khong xéc dinh duoc

26: Cho x, y > 0. Tim bat dang thic dung;

A. (x+y)224xy B.l+12 4
X y Xx+y
1 4 ) A a
C.—> D. Ca 3 déu dung.
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Huoéng dan va dap so:

1. Chon D

f=-2cosCcos(A4—B)—2cos’C+1

1 1 3
=-2|cos’c+cosCcos(A—B)+—cos’(A—B)|——|1-cos?’(A-B) |+=
[ c (A= B)+cos’( )} oL (A=B) ]+

2
-~ 2|:COSC +%COSz(A —~ B)} —%sin2(A - B)

IA
W N w

2. Chon A

A= (cos4 x +sin’ x)2 —2cos* xsin* x
2

= (1 —lsin2 2x) —lsin4 2x

2 8

. 2 1 . 4
=]l-sin“2x+—sin" 2x

8

=cos’ 2x +%(1 —cos’ 2x)’

= icos2 2x+lcos4 2x+%

Zl YV x
8

3.Chon C
Do
sinx&(1-2cos2x)  khong d6i dau nén

y=sinx—2cos2xsinx

=2sinx —sin3x
:>|y|£2|sinx|+|sin3x| do |a+b|§|a|+|b|
:>|y|£3 (do |sinx|£1)

= -3<y<3
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4. Chon D

1( 4-B _C\[..cC
f =|—=| cos —sin— | | sin—
2 2 2 2

1>ﬁn£>0
2

do

<1

COS

2
:>f£l@—ﬁn£)@—ﬁngj2—ﬁn£)
8 2 2 2

3
1(2 | .
<—| = | === (batdang thic cosi cho 3 s6 duong)
8\3 27

5.Chon B
C =

X +50—ﬂ

1—x X

+5>25+5

6. Chon C
Ta co:

a+b-c a+b
- < <

b+c—a c+b
- < <

a+c—>b a+c
— —<m<

a+b+c
——=<m,+my,+m, <a+b+c

7. Chon A
AC < AB+ BC
AC < CD+ DA

AB+ BC+CD + DA
2

= AC<

8. Chon B
a<b+c=a’ <a(b+c)=ab+ac

b<a+c=b"<b(a+c)=ab+bc

c<a+a=c’ <cla+b)=bc+ac
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9. Chon A

Sipc = 5 ah,
a = h,
1
= SABC 2 _hahb
2
10. Chon D

azh, = S, ;0= %aha >—hh,

b>h = S, = %bhb > —h,h,

c2h, = S,z = %chc > —h.h,

(hahbhc)2

Ay hyh, )

3
= SABC 2

= SABC 2

11 .Chon D

Str dung bat ding thirc x> + y* + 2> > xy + yz + zx = A, B, C dung.

12. Chon D

Ap dung bét ding thirc x> + 3* + 2% > xp+ yz+zx taduoc: a> +b* +1>ab+a+b

13. Chon C:
A=x(x*=6)=x(x"-9)+3x laico: 0<x<3=>x(x"~9)<0, 3x<9 nén 4<9.
14. Chon A:
y:5x2+3x—14=5x2+3x+i—&
20 20
2
(5ae 3 ) 289, 289
25) 20 20
15: Chon B:
3 3 3
y= 5 = > <—
4x"—4x+5  (2x-1) +4 4
16: Chon D:

x> —6x+7 -5 -5
= +1

YT C6x+12 ¥ —6x4943 (x-3) 43



17: Chon A:

2, 2 2

-y) +2 2
Xty :(x y) xy:x—y+i22 2xy22\/§
X=y X=y xX=y

18: Chon B:

a—-c b-c
>
b—a b-a

b.Do a <0 nén ab > ac < b>c (ding gt)

a.Doa>b>0=>b-a<0= Sa-c<b-c<a<b (tacogt)

c.Dob<0 néné>é<:>a<c (trai gt)
a C

19: Chon C:

2 2
a , , .
a.—>— dingvéi a >0.
a a

1 1 ,
b.a>>b’ S <y ( dtng).

c.(a+b)(a-b)=a’-b* <0< a’ <b’ (dung).

20: Chon A:
A=2x"—4xy+5y" —4x—2y+2
=(x-2y) +(x=2)" +(y-1)" =32 -3 = gid trj nho nhét a -3.

21: Chon C:

X2 —2x*

A:ﬁ (0<x<1)

2,5 A2
/x2(2—2x2) <x+222x:
2—x?

B 2—x*

—

™ |

22: Chon D:
A.DPing voi ¢ >0
B. bing véi a,b >0
C.bing v61 a,b,c,d >0

23: Chon C:
a*>0,Ya

24: Chon D:
Str dung bat dang thtrc cosi:

47



c. Dung bat dang thirc B.C.S: L (a+b+c)2(1+1+1)2c>1+1+12 ?
a b c a b ¢ a+b+c

25:Chon Avi x—y>0

26: Chon D:
A. (x—ky)2 >4xy < (x—y)2 >0 (dung).
B. Ap dung bét déng thirc B.C.S: (l+lj(x+y)2(l+l)2 <:>1+lz 4
Xy X y x+y
cLls - & (x+y)2 > 4xy (gibng ciu A)
o (x+y)
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