PHUGONG TRINH VA HAM SO BAC 4

I. CACH GIAI PHUONG TRINH BAC BON
Ta thudng gdp cdc dang diac bi€t sau :

Dang 1: Phuong trinh trung phuong ax’ +bx*+c=0 (1)
bit t= X2, ta ¢ phuong trinh : att +bt+c=0 )
Nghiém duong ctia (1) ¢ng vGi 2 nghiém cia (1)
Vay diéu kién can va di d€ (1) c6 nghiém 12 phuong trinh (1°) c¢6 it nhdt mot nghiém
khong am.
t=x*>0

ax4+bx2+c=0(a¢0)<:>{

f(t)=at’ +bt+c=0
t=x2<:>x=i\/€

A>0

(1) ¢6 4 nghiém (1) ¢6 2 nghiém duong < 1 P >0

S>0

b

P=0

(1) c6 3 nghiém <(1')e61 nghiém duong va 1 nghiém bing 0 < { S0
>

A=0

(1) c6 2 nghi€ém =(1')c6 1 nghiém duong < P < 0 hay ;
S/2>0

(1) c6 1 nghiém <( (1/ ) ¢6 nghiém thda t; <0 =t, ) hay ( (1/ ) c6 nghiém thdéat;=t,=0)
P=0 A=0
hay
S<0 S/2=0

(1) vo nghiém <(1’) vo nghiém hay ( 1) ¢6 2 nghiém am

A>0 5
SA<0 v P>O©A<Ov{ >0
S<0
S<0

0<t, <t,

1) cé 4 nghiém la CSC <
L {J€=3ﬁ



t2 = 9t1
Dang 2 :  Phuong trinh bic 4 c6 tinh d6i xitng :
ax' +bx’ +cx’ +bx +a=0 2)
* Né&ua =0, tacé phuong trinh x(bx* + cx + b) =0
* Né&ua # 0, ta c6 phuong trinh tuwong duong :

a(x2 +L2J+b(x+lj+c:0
X X
Pitt=x+ 1 phuong trinh cho viét thanh
X

a(®—=2)+bt+c=0 (2°) véi |t|>2

. . 9 1N ~ 1 .
Chu y : Khi khao sithamsd:t=x+ —,taco:

X
* MOt nghiém 16n hon 2 ctia phuong trinh (2°) s€ tuong dng v4i 2 nghiém duong cia
phuong trinh (2).
* Mot nghiém nhd hon 2 cia phuong trinh (2°) s€ tudng tng vdi 2 nghi€ém dm cda
phuong trinh (2)

* Mot nghiém t = 2 ca phuong trinh (2°) s& tudng dng véi nghiém x = 1 cia phudng
trinh (2)
* Mot nghiém t = - 2 clla phudng trinh (2°) s€ tudng ng v6i nghiém x = -1 clia phudng
trinh (2)

1
* phuong trinh t=x+ — voé nghiém khi |t|< 2
X
Dang 3 : ax’ +bx’ +cx*—bx +a=0 (3)

* Né&ua =0, ta cé phuong trinh x(bx> + cx —b) =0
* Né&u a # 0, c6 phuong trinh tuong duong

a[x2 +LJ+b[x—lj+c=O
x? X

Pitt=x - 1 , phuong trinh cho viét thanh :
X
a(t®+2)+bt+c=0 (3) vditeR.

. N | A T
Chi y : phuong trinh t = x — — ¢6 2 nghiém trdi dau v6i moi t
X

Dang 4 : x+a)+x+bl=c (C)

Patt= x+272 (R thivdia= % pt (C) vi&t thanh :

(t—a)* + (t + @)* = ¢ = phuong trinh tring phuong da biét cach gidi va bién ludn.
Dang 5 : (x+a)(x+b)(x+c)(x+d)=ev6ia+b=c+d.Dét:t=x2+(a+b)x. Tim dk
cia t bing BBT.

I1.TRUC POI XUNG CUA HAM BAC 4
Cho ham bac 4 : y = ax* + bx® + cx” + dx + ¢ ¢6 dd thi (C).



Gid stra > 0, (C) ¢6 truc ddi xitrng néu ta tim dugc cdc sd o, B, ¥, msao cho :
ax4+bx3+cxz+dx+e:(axz+Bx+y)2+m Vx € R.
Ding dong nhat thifc cho ta ¢6 dugc cdc hé so a, B, y, m.

III . CUC TRI CUA HAM BAC BON TRUNG PHUGONG :
y=ax'+bx’+c

y = 4ax’ + 2bx
y’ =0 2x(2ax’ +b) =0
{ x=0 )
&
2ax>+b=0  (2)
1. Ham sd ¢6 3 cuc tri < (2) c6 2 nghi€ém phin biét khic0 < a.b<0

2. Ham s& c6 ding 1 cyc tri <> (2) vo nghiém hoic c6 nghiém kép hoic c6 nghiém bing 0.
a=0vab=#0
< | a#0vaab>0

IV.CUC TRI HAM BAC BON DANG :
y=ax4+bx3+cxz+d
y’ = 4ax’ + 3bx” + 2cx
y’ =0 < x(4ax” + 3bx +2¢) =0

[x=0

&

4ax? +3bx+2c=0 3)

1. Khia>0,tacé : Him sd chi ¢6 1 cyc ti€u ma khong c6 cuc dai.
< (3) vO0 nghi€ém hay (3) c6 nghi€ém kép hay (3) c6 nghi€ém x = 0.

2. Khia <0, ta cé: Haim s6 chi cé 1 cuc dai ma khong c6 cuc ti€u.
< (3) vO0 nghi€ém hay (3) c6 nghi€ém kép hay (3) c6 nghi€ém x = 0.

TOAN ON VE HAM SO BAC 4
Cho ham s6 bac 4 ¢6 dd thi (C,) v6i phuong trinh :
y =x*+ 8ax’ —4(1 + 2a)x* + 3

I. Trong phan nay ta khio sat him s @ng véia = 0
1)  Kh3o st su bié€n thién va vé dd thi (C,). X4c dinh toa do diém udn.
2)  DPinh m d€ ti€p tuyén vdi (C,) tai M c6 hoanh dd m, cit (C,) tai hai di€ém P, Q khic

di€m M. C6 gi4 tri nao cda m d€ M 1a trung diém doan PQ.
3)  Tim quy tich trung di€m I cda doan PQ khi m thay d6i trong diéu kién cau 2.

II. Trong phan nay ta khio sat ham sé @ng véi a = —%

4)  Kh3o sdt su bi€n thién va vé& do thi (C)

5)  Cho dudng thing ( D) c6 phuodng trinh y = ax + b. Tim a, b d€ phuong trinh hoanh d6
giao di€m cda (C) va (D) c6 hai nghiém kép phan biét o va B. Tim toa d6 hai di€ém
chung.

6)  Viét phuong trinh ti€p tuyé&n vé6i (C) va c6 hé sd goc biing —8. Tim toa do céc ti€p di€m.



III. Trong phin nay ta khio siat ham sé trong trudng hgp tong quat.

7)  Bién luin theo a sd di€m cuc tri cia ham s8. Pinh a d€ ham s chi c6 di€m cuc tiéu ma
khong c6 di€m cuc dai.

8)  Trong trudng hgp dd thi ham s& c6 ba di€m cuc tri hay viét phuong trinh parabol di qua
ba diém cuc tri nay.

9) Pinh a d€ db thi ¢6 hai di€ém udn. Vi€t phuong trinh dudng thing di qua hai di€m udn
nay.

BAI GIAI

PHAN I:
1) Kh&o st sy bién thién va vé d6 thi (C,)
Khi a = 0 ham s6 thanh y = x* — 4x*> + 3
y'= 4x® — 8x, y'=12x" - 8
Y=0 < x=0vx=2 ©x=0Vv x=++2

y(O) =3, y(i\/a) =-1
J6

2 7
"=0 ox’=o x=1t—; t—|= —
g 3 y( 3J 9

(Cy) c6 2 diém cye tiéu la (++2 ,-1) va 1 diém cye dai 1a (0,3)

(C,) ¢6 2 diém uén la (ig : g}

Béng bién thién va d6 thi : ban doc tu lam.
2)  Tiép tuyén (D) tai M(m ,m* —4m’ +3) thuoe (C,) c6 phuong trinh:
y=y (m)(x-xy) +ym
hay y-= (4m3 —8m)(x-m) +m*—4m® + 3
Phuong trinh hoanh d¢ giao diém cta (D) va (C,) la
x4—4x2+3=(4m3-8m)(x—m)+m4—4m2+3 (1)
( Nhan xét: pt (1) chic chdn nhan m lam nghiém kép nén ta cé:

(1) < (x-m) (Ax’ +Bx+C)=0)



3)

1 o x*-m‘- 4(x2 -mz) = (x—m) (4m3 - 8m)

S x—-m=0 v x3+mX2+m2x+m3—4(x+m)=4m3—8m

&S X=m vx3+mx2+(m2-4)x—3m3+4m=0 (2)
Sx=m v(x—m)(x2+2mx+3m2-4)=0
&SX=m v X +2mx +3m2-4=0 (3)

Do d6, (D) cdt (C,) tai 2 diém P, Q khdc m
< (3) c6 2 nghiém phan biét khac m.

{m2+2m2+3m2-4 £ 0
Rt

A'=m’-3m’ +4>0

2

2 J6
m- # — m # *—

3 &(4) 3
m’ <2 ‘m‘<\/§

S

Dé M 1a trung diém cia PQ thi
Xp +Xq
2

> m=-m = m=0

XM =

(m = 0 thoa (4) nén nhan)

Nhan xét: pt (2) chic chdn c6 nghiém x = m.
I 1a trung diém cta PQ nén:

tacd x3=-m

VA  2y1=yp+yq= Z(m4 - 4m* +3) = yi=X,"—4x+3

Vay qui tich cda I 1a 1 phan db thi cia ham s6 y = x* — 4x* + 3

Vo1 ‘X‘ <\/§véx;t i?

PHAN II: Khio s4t ham s6 v6i a = _%

4)

Khéo sat va vé db thi (C) khi a = —% : doc gid tu lam.



a=—% ,ham s6 thanh y=x*-4x*+3; y'=4x* - 12%°
5) Tim a, b dé phuong trinh hoanh d¢ giao diém cla
y = x* - 4x’ + 3(C) va dudng thdng:y = ax + b (D,)
c6 2 nghiém kép phan biét o, B.
Phuong trinh hoanh d¢ giao diém cta (C) va (D) la
x*-4x*+3=ax+b
& x'-4x®* —ax+3-b=0
Do d6, yéu cau bai toan
=N x4—4x3—ax+3—b=(x—oc)z(x—B)2 Vx
ma (x—oc)2 (X—B)2= x' -2(o +B)x° +(0L2+B2+40c[3)x2 —20B (a+p)x+o’ B’

Do d6, yéu cau bai todn

—2(a + B)=-4
- a’ + B +4aPf =0=(a+P)" +20p
20B(o +P) =a
a’B’=3-b
a+p=2
- 4+20B=0(aB=-2)
a=-8
3-b=4
= a=-8vab=-1

véia+pB=2vaoaf=-2
= (o = 1+/3 va B=1++/3)hay (B = 1+/3 vd a=1++/3)

Khi d6, the x=1++/3 viy= — 8x — 1, ta c6 2 diém chung la
A(1 NEY -9+8ﬁ) va B(l +3,9- 8\/5)

6) Goi x 14 hoanh d6 ti€p diém cha tiép tuyén c6 hé sd géc biang -8, ta cé:
4x® — 12x* = - 8

o 4xP 122 +8=0< x2-3x2+2=0



7)

= (x—l)(x2-2x-2)=0 = x =1 hay x=1i\/§
y(1) =O,y(1-\/§) - —9+8x/§,y(1+\/§) - —9-83

Tiép tuyén tai (1,0) 1a y=-8(x-1) hay y=-8x+8
Theo cau 5, 2 ti€p diém tai A va B c6 cung 1 tiép tuyén la
y=—-8x-1
Tém lai c6 2 tiép tuyén théa ycbt 1a :
y=-8x+8 hay y=-8x- 1.
Céc tigp diém la : (1,0), A(1-+3, -9+ 8V3) va B(1++3, -9-83)

PHAN III:
S6 diém cuc tri cia ham s6 la nghiém don hay nghiém boi ba cliia da thec:

f'(x) = 4x® + 24ax® - 8(1 + 2a)x

= 4x[ x> + 6ax - 2(1 + 2a) |

Tam thic g(x) = x> + 6ax — 2(1 + 2a) ¢6 :

A =93 +4a+2>0, Va nén
1) Khi a # —%, g(x) = 0 ¢6 2 nghiém phéan biét khac 0,
suy ra f’(x) =0 c¢6 3 nghiém don phan biét
= c6 3 cuc tri.
ii) Khi a = —% thi g(x) = 0 ¢6 1 nghiém bang 0 va 1 nghiém khéc
0 =1'(x)=0 c6 1 nghiém kép x = 0 va 1 nghiém don
= ¢6 1 cuc tri

o« A . A d . 1
Pieu kién can dé ham chi c6 1 cuc tri la a = 5
. | o :
Khi a = 5 ham dat cuc tiéu tai x = 3.

(Khia:—%,g(x)=0<:>x2=0vx=3



8)

9)

v6i x = 0 la nghiém kép va x = 3 1a nghiém don).

: 1 . , .

Vay khi a = 3 thi ham chi ¢6 cuc tiéu va khong c6 cuc dai.
: | .
Khi a # 5 ham s0 c6 3 cuc tri.

. o e 1
Goi x1, Xg, x3 1a hoanh d6 3 diém cuc tri khi a # 5 ta co :
X1, X2, X312 nghiém caa f’ (X) = 0.

Chia da thtc f(X) cho if’ (X) ta co:

f(x) = if’ (x) [x +2a]- 2(6a” + 22+ 1)x* + 4(a +22°)x + 3
Vay 3 diém cuc tri thod phuong trinh:
y = —2(6212 +2a+ 1)x2 + 4(a + 2a2)x +3
i f'(x)=1(x,)=1(x,) =0
Vay, phuong trinh Parabol di qua 3 diém cuc tri 1a :
y = —2(6212 +2a+ 1)x2 + 4(a + 2a2)x +3
y' =4x® + 24ax” — 8(1 + 2a)x
y" = 12x* + 48ax — 8(1 + 2a)
y'=0 < 3x*+12ax-2(1+2a) =0  (9)
Vi(9)c6 A" =36a” + 6(1 +2a)

=6(6a2+2a+1) >0, Va

nén d6 thi luén c6 2 diém udn I, J c6 hoanh d6 12 nghiém cta phuong trinh (9)

Huéng dén: gié st chia f(x) cho %f" (x) (v& tréi cta (9))

Ta c6 : f(x) —f” x)[h(x)] + Ax + B

thi phuong trinh dudng thang qua 2 diém uén la: y = Ax + B.



DE THI TUYEN SINH DAI HOC NAM HQC 2002 KHOI B:
(PH: 2,0d;: CD: 2,5d):
Chohams§: y=mx'+(m’=9x*+10 (1) (m la tham s0)
1. Kh3o st sy bi€n thién va vé& do thi ciia ham sd (1) khi m=1 .
2. Tim m d€ ham s6 (1) ¢6 ba di€m cuc tri .
BAI GIAI
Dm=1,y=x"-8x"+10 (C). MXP:D=R
y =4x’-16x;y =0 x=0vx=+2

2
"= 12x*- 16,y =0 x= +—
y y NG
X —0 2 2 +00
V3 V3
y" + 0O - 0
(©) 16m | 16i | 16m
Piémusn [ =2 101 1 (iﬂ]
{ 309 j TWE
—00 -2 0 2 +00
' - 0 + 0 - 0 +
y +oOny = 10 > +©
6 p >
CT CT
2) y =mx" + (m* - 9)x* + 10 y
y = Amx’ + 2(m2 -9)x 10
20 x=0
Y= 2mx? + (m?2 - 9) = 0(*)
y ¢6 3 cuyc tri & — 2
(*) c6 2 nghi€ém phan biét # 0 ]O X
< m(m’-9)<0 6

om<-3v0<m<3

PE DU BI 1-NAM 2002 - KHOI A
(2,0 di€m) Cho ham s8: y = x* —mx*+ m—1 (1) (m 12 tham s&)
1) Khio sit sy bi€n thién va vé d6 thi cia ham s6 (1) khi m = 8.
2) X4c dinh m sao cho d thi cia ham s6 (1) cit truc hoanh tai bon di€m phan biét.
BAI GIAI

DKhim=8=y=x"-8x"+7
e MXD:D=R. oy'= 4x° - 16x = 4X(X2—4)

Yy =0 4x(x*—4)=0 < x=0hay x =42



o y'=12x'-16y"=0 12X~ 16 =0

, 16 4 243
SOX'=—=—SX= 1t ——
12 3 3
X —00 -2 0 2 +00
y' - 0 + 0 - 0 +
y +00 7 +00
\ ) 9/ \ _9/
X 243 243
—00 - — +00
3 3
" + 0 - 0
y | 4+ 16m  -17/9 16i -17/9 16m +00
Ny
7
-2 H 2 N
| 0) | X
1 1
T
1 1
| i
1 1
| i
1 1
:
2) Xac dinh m dé€ @ thi ham s6 cit truc hoanh tai 4 di€m phan biét.
e Phuong trinh hoanh d9 giao diém : x'-mx*+m-1=0 (1)

Pitt=x"20,' —mt+m—1=0
Phuong trinh (1) ¢6 4 nghi€ém phan biét .

<> Phuong trinh (2) c6 2 nghiém dudng phén biét.



m>1
< 38S=t; +t, =m>0

P=tit,=m-1>0

A=m?-4m-1)=m-2)?>0
=
{m¢2

bAI HOC, CAO BI?\NG -DU Bl 1 - NAM 2004 - KHOI A
(2 @i€m) Cho ham s8 : y = x* — 2m*x” + 1 (1) v6i m 13 tham s&
1) Kh3o sathamso (1) khim=1.
2) Tim m d€ @6 thi ham s (1) c6 ba diém cuc tri 13 ba dinh ctia mot tam gidc vudng cén.
BAI GIAI
1) Khim=1thiy=x'-2x*+1 MXP: D=R
Yy =4x’ —4x =4x(x*-1), y =0 x=0hayx =+ 1

y”=12x2—4,y”=0<:>x=ig
V3.4
yO=1;y&ED=0; y(+—)=—
3 9
X —0 -1 0 1 +00
y’ -0 + 0 -0 +
y +00\ / \ /,+oo
x ¥ S
—00 - _— +00
3 3
y”’ + 0 - 0 +
Y | 40 16m g Bi 4 om0
\'%
1
-1 0 1 X

2)y’:4X3—4m2x;y’:0©x:0hayx: i|m|.
Ham ¢6 3 cuc tri < m # 0.
Goi A (0;1) ; B, C Ia 2 diém cytc trj ¢6 hoanh d6 la +|m|
suy ra tung d6 ciaBva Cla 1 - m*
= AB=(-|m[;~m*)vd AC=(m|;~m*).Viy Ia ham chin nén
\ - -
AC = AB. Do d6, yéucaubt< m=0va AB.AC=0

oem#0va —m*+mP=0< m®=1 ©om=+1



DU Bl 1 KHOI B NAM 2005:
(2 di€m). 1. Kh3o sit sy bién thién va v& d6 thi (C)ctahamsd y=x*-6x>+5

2. Tim m d€ phuong trinh sau c6 4 nghi¢m phan biét: X* —6x> —log, m=0 .

1/ Khdo sat y =x* —6x* +5
MXD: D=R
y' =4x’ —12x =4x(x2 —3),y/ =0 X=OhayX=i\/§

y//=12x2—12,y//=0<:>x=il

BBT
X —00 _\/3 -1 0 1 \/5 +00
y' - 0 + + 0 - -0+
y" + + 0 - - 0 +
Y | 40 5 +00
\ 4/7 0 /V \ 0\ 4 /
Do thi

2/ Tim m dé pt x* —6x* —log, m = 0 c6 4 nghiém phan biét.
x* —6x* —log,m =0 < x* —6x* +5=1og, m+5

bit k=log, m+5

Ycbt < dudng thing y=k cit (C) tai 4 di€m phan biét

& —4<k<5 <:>—4<log2m+5<5<:>—9<10g2m<0<:>2i9<m<1



BAITAP PE NGHI :
I.(PHKT QUOC DAN HA NOI, NAM1997)
Chohamsd :y= (2—x2)* (1)
1) Khdo sit va vé d6 thi (C) ciia ham sd (1).
2) Viét phuong trinh ti€p tuyén vdi (C) bit ti€p tuyén di qua di€m A (0; 4 ).

II.(PHQG TP HCM (d¢gt3),NAM1998)
Chohams6 :y=m’x*-2x*+m (1) v6i mIa tham s6 khdc khong.
1) Kh3o sit va v& dd thi cia hAm s& (1) khi m = 1.
2) Khdo sdt sy bi€n thién cia ham s6 (1) khi m # 0. Tir @6 xdc dinh m sao cho
m? x* -2 x* + m >0 vdi moi s6 thuc x.

III.(PHYDUQC TPHCM,NAM1998)

Chohamsd:y=—x'+ 2(m+1)x*> —2m—-1 (1) v6i m Ia tham s&
1) Tim m d€ dd thi ham s& (1) cét truc hoanh tai 4 di€m c6 hoanh d6 tao thanh 1 cAp s6 cong.
2) Goi (C ) la @6 thi cia ham sd (1) khi m = 0. Tim tit ¢4 cdc di€m trén truc tung sao cho tir d6 c6 thé
ké dugc 3 ti€p tuyé&n véi ( C).

ThS. PHAM HONG DANH
TT luyén thi chat lugng cao Vinh Vién
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