‘ A9 .‘ ’
:— . CHUONG VII

PHUONG TRINH LUGNG GIAC CHUA CAN VA PHUGNG TRINH
LUONG GIAC CHUA GIA TRI TUYET POI

A) PHUGNG TRINH LUQGNG GIA C CHUA CAN

Cach gidi : Ap dung cdc cong thitc
A>0 B>0
A =+B
VA \/_Q{AzBQ{A=B

B>0
\/K=B<:> y
A=B

Ghi chi : Do theo phuong trinh chinh 1y dd bé phan ba't phuong trinh lugng
gidc nén ta xtt 1y diéu kién B > 0 bing phuong phdp thit lai va chiing t6i b
cdc bai todn qud phuc tap.

Bai 138 : Gidi phuong trinh V5 cosx — cos 2x + 2sinx = 0(*)

(*) < J5cosx — cos2x = —2sinx

sinx <0
o

5cosx — cos2x = 4sin’® x

sinx <0

< 2 2
5cosx—(2c0s x—1) = 4(1—cos x)
sinx <0

o
2cos’x+5cosx-3=0

sinx <0
COSX = %v cosx = —3(loai)

sinx <0

x:i§+ k2m k €0

C>X:—§+k2n,keD

Bai 139 : Gidi phuong trinh
sin® x + cos® x + sin® x cot gx + cos® xtgx = /2sin 2x




biéu kién :

cosx # 0 )
. sin2x = 0 .
sinx#0 <1 . & sin2x >0
. sin2x >0
sin2x >0
Luc dé :

(*) < sin® x + cos® x + sin® x cos X + cos® xsin X = /2sin 2x
< sin” x(sinx + cosx) + cos” x(cos x + sin x) = V2sin 2x
& (sin X + COS X)(Sin2 X + cos® x) =/2sin 2x

{sinx +cosx>0
o

(sinx + cos x)2 = 2sin 2x

ﬁsin()wﬁjzo Sin(x+£j20
& 4 & 4
1+ sin 2x = 2sin 2x sin 2x = 1(nhén do sin2x > 0)
sin|x+ZX]>0 sin|x+ 2 |>0
4 4
= =
x:g+kn,keD x:g+m2nvx:5—n+m2n(loai),meD

T
<:>X=Z+m2ﬂ:,mED

Bai 140 : Gidi phuodng trinh \/1 + 8sin 2x. cos® 2x = 2sin (3){ + g] (*)

sin(3x + B >0
Taco:(¥*) &
1+ 8sin 2x cos? 2x = 4 sin? (3){ + zj

sin(3x+£j2 0
4
1+4sin2x(1+cos4x)=2[1—cos(6x +g)}
sin(3x+zj >0

4

1+ 4sin2x + 2(sin 6x — sin 2x) = 2(1 + sin 6x)

sin(3x+ﬁj >0 sin(3x+£j2 0
4 4

<~ <~

sinZX:1 le—f—kTEVX:@-f-ch,kED
2 12 2



So lai vdi diéu kién sin(SX + B >0
. T .
oeKhi x = — + kn thi
12
sin[Sx + Ej = sin (E + Sknj =coskn
4 2
1 ,(néu k chén)(nhén)
- -1,(néu k 1&)(loai)
eKhix = @+knthi
12

sin (3){ + Ej = sin (ﬁ + SkRJ = sin (—E + kn)
4 2 2

{—l,né'u k chan (loai)

1, néu k 1é (nhén)

Do d6 (*)<:>X:£+m2nvx:@+(2m+1)n,meﬂ
12 12

BAi 141 : Gidi phuong trinh VL= SN 2X V1 +sin2x 4 cos x (*)
S1n X

Lic d6 : (*) < v1-sin2x ++1+sin2x = 2sin 2x
( hi€n nhién sinx = 0 kh6éng 1a nghi€ém , vi sinx =0 thi VT =2, VP =0)

- {2 + 21— sin? 2x = 4sin? 2x

sin2x >0

J1-sin?2x = 2sin?2x -1
&

sin2x >0
1-sin?2x =4sin*2x - 4sin?2x + 1
& {sin? 2x > 1

2

sin2x >0
sin? 2x(4 sin? 2x — 3) =0

sin 2x > i

e

sin2x:?3vsin2x:—

2
V2

sin 2x > —

& sin2x =

|1




c>2x=£+k2nv2x=2—3n+k2n,keﬂ

@XZE+anX=E+kTE,k€D
6 3

Chii y : C6 thé dua vé phuong trinh chifa gid tri tuyét ddi

y sinx =0
)<:> |cosx—sinx|+|cosx+sinx| = 2sin 2x

Y

<:>|cosx —sin X| + |cosx + sin X| = 2sin 2x

Bai 142 : Gidi phuong trinh sin x ++/3 cos x + \/sinx ++/3cosx =2 (¥)

. T
Sin —

Détt:sinx+\/§cosx:sinx+ CcosS X

T
coS —
3

1 ] T ] T
St = sin| X+ —|=2sin| xX+—
cosE 3 3
3
(*)thanh t++t =2
<:>\/_:2—t

{2—1:20 {ts2
= =

t=4-4t+t? t? =5t +4=0
t<2

= St=1
t=1vt=4

Do d6 (*)

o sin| x+ = =1<:>X+E=E+k21t hay X+E=5—n+k2n,ke|]
3) 2 3 6 3 6

<:>X=—£+k2nvx=g+k2n,keﬂ

Bai 143 : Gidi phuong trinh
3\tgx +1(sinx +2cosx) = 5(sin x + 3cos x) (¥)

Chia hai v€ cda (*) cho cosx # 0 ta dudc
(*) & 3ytgx +1(tgx + 2) = 5(tgx + 3)
Pit u = \/tgx + 1v6iu >0

Thi u® -1 = tgx

(*) thanh u(u® +1) =5(u’® +2)

<30 -5u*+3u-10=0

& (u-2)(3u” +u+5)=0

< u=2v3u’+u+5=0(vd nghiém)




Do d6 (*) < Jtgx+1=2
Stgx+1=4

< tgx=3 =tgoc(v6i —g< o <gj<:>x=a+kﬂ',keﬂ

Bai 144 : Gidi phuong trinh (\/1 — cOS X ++/cos x)cos 2X = %Sin 4x(*)

(*) < (\/1 —COSX + \/cosx)cos2x = sin 2x cos 2x

cosx>0
= * hay +/1-cosx ++/cosx = sin 2x
cos 2x=0

cosx>0 cosx=>0
hay {sin2x>0

2X=E+k7‘t,k el
2 1+2\/(1 — €0S X)cosx =sin? 2x

cosx>0 cosx>0
hay {sin2x>0
1+2,/(1-cos x)cosx =sin” 2x (VT >1>VP)
cosx>0
sin 2x>0
X:ig+hn hay x=i%+hn,heﬂ A sin® 2x=1

(1-cosx)cosx=0

x=21kr keD
4 79

cosx>0

o x=i£+hn,h el

sin2x=1 sin2x=1
hay i hay . .
cosx=0(=sin2x=0) cosx=1(=sinx=0=sin2x=0)

& x:i%+hn,h ell

Bai 145 : Gidi phuong trinh sin® x(1+ cot gx) + cos’ x(1 + tgx) = 2sin x cos x (*¥)

" . 3 _(SInX+cosx 3 (COSX+sinx :
(*) & sin” x| —————= |+ cos’ x| ——————— | = 2y/sinx cos X

sin X cos X
< (sinx + cos x)(sin2 X + cos? x) = 2+/sinxcos X
sinx +cosx >0
{1 +sin 2x = 2s8in 2x

: n
. sin|x+— >0
{s1nx+cosx20 4
&

sin2x =1 T
x=—+kmkel




sin(x+£j >0
4

=S
X+£:E+kn,ke|]
4 2

sin(x+£j2 0
4

=
x+2 =21 hon hayx+£=ﬁ+h2n,heﬂ
4 2 4 2

<:>x=£+h2n,heD

Bai 146 : Gidi phuong trinh Vcos 2x ++/1 +sin2x = 2sinx + cos x (*)

< A PN o . T
biéu kién cos2x > 0va s1n(x+zj >0

Lic dé : (*) < Jeos? x —sin® x + \/(cosx + sin x)2 = 2/cos X + sin x

< cos?x —sin?x + (cosx + sin X)2 + 24/cos 2x\/(cos X + sin x)2

=4 (sinx + cosx)

< cosx(cosX +sinX) + (sin X + cos x)~/cos 2x = 2(sinx + cos x)

[sinx +cosx =0

o
| COSX ++/cos2x = 2
[tgx = -1

o
| Veos2x =2 - cosx (* *)
[tgx = -1

f—

| cos2x =4 —4cosx +cos’x
o tgx=-1vcos’x+4cosx—-5=0
< tgx =-1vcosx =1vcosx = —5(loai)

<:>X:—£+k7'CVX:k2TC,kED
Tht lai: e x = —£+ knthi cos2x = cos(—gj = 0(nhan)
Va sin(x + gj = sinkn = 0(nhén)
e x =k2n thi cos2x =1(nhén)
va cos(x + EJ —cos” > 0(nhén)
4 4

Do d6 (*) <:>X:—2+knvx=k2n,keﬂ

Chi y : Tai (¥*) c6 thé duing phuong trinh lugng gidc khong muc




COSX ++/cos2x =2
sinx+cosx=>0
cosx =1
< {cos2x =2cos’x-1=1

sinx+cosx >0
cosx=1

=2 < x =2kn, k ell
sinx+cosx>0

Cédch khac

. . 2 N
(") < Jeos? x — sin? x +\/(c0sx+smx) = 2+/cos X + sin x
N N . 2 N
& J(cos x +sin x).(cosx —sinx) + \/(cos X +sinx) =2Jcosx +sinx

cosx+sinx>0

\Jcos X —sin x +\/(cosx+sin x) =2
cosx+sinx>0

2cosx +2ycos2x =4

cosx+sinx>0

COSX ++/cos2x =2

cosx=1

< cosx+ sinx= 0 hay {
< tgx= -1 hay {
< tgx= -1 hay {

o x=-"1knkel hay
4 cos2x=1

<:>X=—£+kn hay x = 2kn,k e[

(nhan xét: khi cosx =1 thi sinx =0 va sinx + cosx =1>0)

BAITAP
1. Gidi phuong trinh :

a/ J1+sinx +cosx=0

4:X 9
COS— —C0OS™ X
b/ 3 -0

J1-tg’x
¢/ sinx + /3 cosx = \/2+ cos 2x + /3 sin 2x

d/ Jsin?x —2sinx + 2 = 2sinx — 1

e/ 24/3sin x =ﬂ—\/§

2.sinx -1

sin” 2x + cos* 2x -1

\/sin cos x
g/ 8cos4xcos® 2x +/1-cos3x +1=0

h/ V/sinx + sinx +sin®x + cosx = 1

t/ 0




k/ J5—3sin?x —4cosx =1—2cosx

1/ cos 2x = cos® x4/1 + tgx

2. Cho phuong trinh :
J1+sinx +4/1-sinx = mcosx (1)

a/ Gidi phuong trinh khi m = 2
b/ Gidi va bién ludn theo m phudng trinh (1)
3. Cho f(x) = 3c0s%2x + sin*2x + cos4x — m
a/ Gidi phuong trinh f(x) =0 khi m =0
b/ Cho g(x)=2cos” 2x/3cos” 2x + 1. Tim tat cd cdc gid tri m d€ phuong
trinh f(x) = g(x) c6 nghi€ém.
(PS:1<m<0)
4. Tim m d€ phuong trinh sau ¢ nghiém
J1+2cosx ++/1+2sinx =m

(BS: 1+4Y3 <m <2 1+J§)

B) PHUONG TRIiNH LUGNG GIAC CHUA CAC TRI TUYRT POI

Cdch gidi: 1/ MG gid tri tuyét d6i bing dinh nghia
2/ Ap dung
o|/A|=[B|< A =1+B

B>0 {Bzo {Azo {A<0

.|A|=B©{A:iB© A2-B* " |A=B"

Bai 147 : Gidi phuong trinh |cos 3x| = 1-V/3sin3x (*)

1-/3sin3x>0
(*) =

cos?3x =1 — 24/3sin 3x + 3sin? 3x
sin 3x si
1—sin2 3x =1 - 2/3 sin 3x + 3sin? 3x
sin 3x Si
= 3
4sin%8x — 2/3sin3x = 0

sin 3x < i

V3

sin3x =0vsin 3x =
& sin3x =0

@x:ﬁ,keﬂ
3




Bai 148 : Gidi phuong trinh 3sinx + 2|cosx| -2 = 0(*)

(*) = 2|cosx| =2 -3sinx
{2—3sinx >0

4cos’x =4-12sinx + 9sin? x
] 2
sin x < —
3
4(1—sin2 X) =4 -12sinx + 9sin® x
; 2
SiIn X < —
3
13sin® x - 12sinx =0

sinxsg
3

. ) 12
sinx=0vsinx =—
13

S sinx =0
S x=knkell

Bai 149 : Gidi phuong trinh sinxcosx +[sinx + cos x| = 1(*)

Pit t =|sinx + cosx| =2

. T
sim| X+ —

+t=1

Vi didu kién: 0<t<+2
Thi t? =1+ 2sinxcosx
t2 -1

Do d6 (*) thanh :
StP+26-3=0
< t=1vt=-3(loai)

Viy (*) < 1* =1+ 2sinxcosx
< sin2x =0

c>x=ﬁ,keD
2

Bai 150 : Gidi phuong trinh  [sin x — cos x|+ 2sin 2x = 1(¥)

bit t =[sinx — cos x| (diéukiénO <t< \/5)
Thi t* =1-sin2x
(*)thanh: t+2(1-t*) =1
S22 -t-1=0
St=1vt= —l(loai dodiéukién)
2

khit=1thi 12 =1-sin2x



& sin2x =0

c>x=ﬁ,keD
2

Bai 151 : Gidi phuong trinh sin® x — cos® x = [sin x| + |cos x|(*)

(*) = (sin2 X + cos? x)(sin2 X — cos? x) = |sin x| + |cos X|
< —cos 2x = [sin x| +|cos x|
{— cos2x > 0

cos” 2x =1+ 2|sin x||cos x|

@x:ngkn,keD

Bai 152 : Gidi phuong trinh /3 sin 2x — 2cos? x = 242 + 2 cos 2x (*)

Tacé : (*) < 2.3 sinxcosx — 2cos® X = 2\/2+2(2cos2 X — 1)

3 . 1
& cosx| —sinXx — —cosx | =|cos x|
2 2

. T
< COSX. sm(x - gj = |cos x|

cosx >0 cosx <0
< cosx=0vy . T AR T
sin|x—-—|=1 sin|x——|=-1
6 6
cosx >0 cosx <0

< cosx =0
* v X—E:£+k2n,keDV X—£:—£+k2n,keD
6 2 6 2

cosx >0 cosx <0
<:>X=E+kn,keDv o v P
2 X:§+k2n,keD X=—§+k2ﬂt,k€D

@X:g+kn,keﬂ




Bai 153 : Tim cdc nghiém trén (0,27) clia phuong trinh :
sin 3x —sin X
J1 - cos 2x

= sin 2x + cos 2x (¥)

2 cos 2xsin X = T
T J . * _— e 2 2 —_—
acs: () \/§|sinx| COS( x 4)

Piéu kién : sinx #0 < x # kn
eKhix € (0,n)thisinx > Onén:

(*) © V2 cos2x = ﬁcos(Zx—gj
©2x:i(2x—£j+k2n,keﬂ

<:>4X=£+k2ﬂ:,k€|:|

<:>x:l+ﬁ,keﬂ
16 2

Do x €(0,7) nénx = - hay ng_“
16 16

Khi x € (m,2n)thi sinx <0 nén :

(*) < —cos 2x = cos (ZX—EJ
< cos(n—2x) = cos(2x—£}
<:>2X—£:i(rc—2x)+k2n,keﬂ

<:>4X=%+k27t,k€ﬂ

S X = on + ﬁ,k ell
16 2
Do x € (m,21) mnén x =ﬁvx _29m
16 16
Bai 154 Cho phuong trinh :  sin® x + cos® x = asin 2x|(¥)

Tim a sao cho phuong trinh c6 nghi€ém.

Ta co :
sin® x + cos® x = (sin2 X + cos? x) (sin4 x — sin? x cos? x + cos* x)
.9 2 _\2 .9 2
= (sm X + COS x) —3sin” xcos” X
3 .
=1-"sin® 2x
4

batt= |sin2x| diéukién 0<t<1



thi (*) thanh : 1—%2 =at (*%)

= %—2t =a (do t=0 thi (**) v0 nghi€m)

Xéty:%—% trén D =(0,1]

o 3
thly_——Z—Z<O
t 0 1
y =
y [
\l
4

1
Do d6 : (*) c6 nghi€ém < a ZZO

Bai 155 Cho phuong trinh  cos 2x = mcos” x\/1+tgx (%)

Tim m d€ phuong trinh cé nghiém trén [O, g}

bat t=tgx thi
Vay: (*) thanh: 1-t* =m+v1+t (* *) (chia 2 v& cho cos® #0)

. T <
Khi Oﬁxﬁg thi te[O,\/g}
1-¢  (1-t)(1+t)

Viy (%) & m = = =(1-t)v1+t
Wy V1+t V14t ( )
Xéty=(1-t)V1+t trén [0,43]
Ta cé
1-t) -2(1+t)+(1-t)
':—\/1+t+( =
Y 2V1+t 21+t
-3t-1
Sy = <0 Vvt 0,\/§
N =[0.43]
¢ 0 J3
y o

y i
e (1-V3W1++3




Do d6 : (*) c6 nghi€m trén [O,g} & (1—\/§)\/1+\/§ <m<le

BAI TAP

1. Gidi cdc phudng trinh
a/ |sinx—cox| =1-4sin2x

b/ 4sinx + 3|cos x| =3

¢/ |tgx| = cot gx +

CosX

2
g L \/1 11 _\F:_\E(HScosxj

sinx\1-cosx 1+cosx sin? x

e/ |cot gx| = tgx +

sin x
f/ 2cosx —[sinx| =1

J1+cosx ++/1—cosx

g/ =4sinx
COS X
b/ \/1—'cos2x :ﬁ(cosx—lj
sin X 2

sin® x + cos® x
2

m/ \Jcos2x + /1 + sin 2x =\/

n/ |cosx|+sin3x =0

r/ |cot gx| = tgx +

sin x
s/ |cosx + 2sin 2x — cos 3x| = 1+ 2sin X — cos 2x
tg®x

o/ ——
|tgx — 1|

:|th+1|+m

p/ [sinx — cos x| +[sin x + cos x| = 2
2. |sinx+cosx|+asin2x =1

Tim tham s6 a duong sao cho phudng trinh c6 nghiém
3. Cho phuong trinh: |sin X — COS x| +48in2x =m

a/ Gidi phuong trinh khi m = 0
b/ Tim m d€ phuong trinh ¢6 nghiém (bS J2-4<m< %)

Th.S Pham Hong Danh (TT luyén thi DH Vinh Vién)



