(tuoitre)
- CHUONG X: HE THUC LUQONG TRONG TAM GIAC

I. PINH LY HAM SIN VA COSIN
Cho AABC ¢6 a, b, ¢ 1An lugt 12 ba canh ddi dién cia A, B,'C, R 1a bdn kinh
dudng tron ngoai ti€p AABC, S 1a dién tich AABC thi

a b c
sin A - sin B - sin C B
a® =b® +c® —2bccos A = b* + ¢® — 4S.cotgA
b®> =a® +c¢®> —2accos B = a® + ¢* — 4S.cotgB
c® =a’ +b?> —2abcosC =a® + b* — 4S.cotgC

N

B < - 4

2R

Bai 184 Cho AABC. Chiéng minh:
A=2B< a”=b*+bc

Ta c6: a®> =b? + bc < 4R?*sin? A = 4R?sin”? B + 4R? sin B.sin C
< sin® A —sin? B = sin Bsin C

@%(1—cos2A)—%(1—cos2B) =sinBsinC

< cos2B - cos2A =2sinBsinC

< —2sin(B+A)sin(B-A)=2sinBsinC

< sin(B+ A)sin(A -B) =sinBsinC

< sin(A-B)=sinB (do sin(A +B)=sinC >O)
< A-B=BvA-B-=n-B(loai)

< A=2B
Céach khdc:
sin? A —sin®? B =sinBsinC
< (sinA -sinB)(sin A +sinB) =sinBsinC
A+B . A-B .nA+B A-B

< 2c08 sin 2si cos =sin BsinC
2 2 2 2

< sin(B+A)sin(A -B) =sinBsinC

< sin(A-B)=sinB (do sin(A +B)=sinC >0)
©A-B=BvA-B-=nx-B(loai)

< A=2B




] A _ B 2 _ 2
BAi185:  Cho AABC. Chitng minh: S(A~B) _a b
sinC c

a’—-b?> 4R’sin® A-4R’sin’ B
¢’ 4R% sin® C

1 1
sin?A—sin’B i(l—COSQA)—E(].—COSZB)

sin® C sin® C
_cos2B-cos2A  -2sin(A +B)sin(B-A)
- 2sin® C - 2sin® C

sin(A +B).sin(A-B) sin(A-B)
- sin” C ~ sinC

(do sin(A+B)=sinC > 0)

Bai 186: Cho AABC bi€tring tg% . tgg = %

Ching minh a+ b =2c

. A B 1 . A . B A B
Taco: tg— -tg— =— < 3sin—sin— = cos—coS —
2 2 3 2 2 2

(do cosé >0, cosE > Oj
2 2

. A . B B ) ;
< 28Iln —sin— = €0S — C0S — — SIn — Sin —
2 2 2

{ A+B A—B} A+B
< —| cos = cos

—co8
2

A-B A+B

& Ccos = 2cos

(*)
Mitkhdc: a+b=2R(sinA +sinB)

:4RsinA;BcosA_B

2
= 8RsinA+BcosA+B (do (*))
2
=4Rsin (A +B)
=4RsinC = 2¢

Cach khdc:
a+b=2c

< 2R(sin A +sinB) =4RsinC




. A+B A-B . C C
< 28In cos =4sin —cos —
2 2 2 2
A-B . C A+B . A+B C
& cos = 2sin — = 2cos do sin =CoS —
2 2 2 2 2

A B . A. B A B . A . B
&> €08 —C0S — + sin—sin — = 2¢c0s — cos — — 2sin —sin —
2 2 2 2 2 2 2 2

. A . B
< 3sin —sin — = CO0S — COS —
2 2 2 2

A B 1
otgD tgD ==
85 %573

Bai 187: Cho AABC, chitng minh n€u cotgA, cotgB, cotgCtao mdt cap s§ cong thi

2 2 2 ~ N g N A
a“,b",c*cling 1a cdp s6 cong.

Ta c6: cot gA, cot gB, cot gCla cdp s6 cong < cot gA + cot gC = 2 cot gB (¥)

Cach1:
Ta c6:(*) s1.n(A-'+C) :2C_OSB<:>sin2B:25inAsinCcosB
sin AsinC sin B
< sin’B = —[cos(A +C) —cos(A - C)] [— cos(A + C)]
< sin® B = cos” (A + C) — cos(A - C)cos(A + C)
< sin?B =cos?B - %[cos 2A + cos 2C]
. . 1 ) .
& sin’B = (1 — gin? B) - 5[(1 — 2sin? A) + (1 — 2gin? C)}
< 2sin?B =sin? A +sin®C
- 2b*  a’ . c?
4R?> 4R’ 4R?
< 2b% =a’ +c?
< a’,b% c®1a cdp socong e
Cach 2:

Ta c6:a® = b* + c® —2abcos A
s a’=b’+c? - 4(% be sin Aj .cotgA

< a® =b” +c¢® —4Scot gA

2 2 2
Do dé cotgA:u
4S
2 2 ]2 2 2 2
Tuong ti cotgB = 2 t¢ =P cotgc 2 FD —C
4S 4S
2 2 52 2 2 _ .2 2 2 12
Do dé: (*) <:>b tce -a’ 2 +b ¢ _g. 3 tC b
4S 4S 4S

< 2b?% = a? + ¢?



Bai 188: Cho AABC c¢6 sin?B +sin?C = 2sin®? A
Chitng minh BAC < 60°.

Ta cé: sin?B +sin®C = 2sin? A
b? c? 2a”
A 7 T 2 = 2
4R 4R 4R
< b? +c¢? =2a” (%)
Do dinh ly ham cosin nén ta cé
a2 =b%+c?-2bccos A

b2 +c? — a2 2(b2+c2)—b2—c2

A = = d ES
= co8 2bc 4bc (do ( ))
2 2
_b e > 2be _1 (do Cauchy)
4bc 4bc 2

Vay : BAC < 60°.

Cdch khdc:

dinh 1y ham cosin cho

a’ =b®> +c® —2bccos A = b* +c¢®> =a” + 2bccos A

Do do

(*) < a® +2bccos A =2a”
a’ b+’

< CcoSA=—=
2bc 4bc

> % (do Cauchy)

Bai 189: Cho AABC. Chdng minh :
R(a® +b* +c*)

cotgA+cotgB+cotgC =
abc
2 2 .2
Ta c6: cotgA = b"+c ~a”
4S
2 2 _p? 2 2 2
Tuong tu: cotgB = u,cot g0=2 15 ~¢ b —c
45 4S
2 2 2 2 2 2
Do d6 cot gA + cot gB + cot gC = a’+b +c’ _a +b +c
4S 4 abc

4R
az+b?+c?
abc

=R

Bai 190: Cho AABC c6 3 géc A, B, C tao thanh mot cﬁ’p s6 nhan cé cdng bdiq =2.
Gia st A<B<C.

Chitng minh: 1 = 1 + 1
a b c




Do A, B, Cla cdp s6 nhincé q=2nén B =2A,C =2B =4A

MaA+B+C=nnénA=2B=2" c=2"
7 7 7
Cach1:
, 1 1 1 1
Ta c6: = : + :
b ¢ 2RsinB 2RsinC
1 1 1
=— +
2R| . 2= . 4r
sin— sin —
7 7
. 4m . 2n
sin — + sin —
_ 17 7
2R . 2n . 4=xn
sin — sin —
7 7
. 3 T
2sin — .cos —
1 7 7 . 4n . 3m
=—" do sin — = sin —
2R . 2n . 3m 7 7
sin — .sin —
7 7
cosTE
_ 1 7 1
) 2sinE cosE - 2RsinA
77
_1
a
Cach 2:
1 1 1 1 1 1
—=—t =
a b ¢ sinA sinB sinC
o 1 1 1  sin4A +sin2A

= + =
sinA sin2A sin4A sin 2A sin 4A
1 2sin3A.cosA 2cosA  2cosA
sinA sin2Asin4A sin2A  2sin AcosA

do :sin 3A = sin37—n: sin%: sin4A e

Bai 191: Tinh cdc géc cia AABCnéu
sinA sinB sinC

1 J3 2

sinA sinB sinC
sinA sinB sinC
1 J3 2 *)

Do dinh Iy ham sin: 2R




e __b _c
2R 2RJ3 4R
b c b=a\/§
Sa=s—F==—
3 2 c=2a

Ta c6:c” = 4a° = (a\/§)2 +a’
o =b*+a’

Vay AABC vudng taiC

Thay sin C = 1vao(*)ta dugc
sinA sinB 1

1 3 2

sin A =

sinB =

A =30°
=
B =60°
Ghi chu:
Trong tam gidc ABC ta c6
a=bo A=B&sinA=sinB< cosA=cosB

N‘él Do |

IL. PINH LY VE PUGNG TRUNG TUYEN
Cho AABC c6 trung tuyé€n AM thi:

BC? A

AB? + AC? = 2AM? +

2
hay - |c2 + b% = 2m? + :
y a 2 B T I_\II 7 C

Bai 192: Cho AABC c6 AM trung tuyén, AMB = a, AC=Db, AB =c, S 1a dién tich
AABC. Véi 0 < a < 90°

2 2

4S
b/ Gid st o = 45°, chitng minh: cotgC — cotgB = 2

a/ Ching minh: cotga =

a/ AAHM vubéng = cotgoa = HM = MB - BH
AH AH i
= cotgol = — —E(l)
2AH AH
¢ b
a
B - ~




2_o2 (a?+c*—-2accosB)-c?
Mait khac: b4sc :( )

2AH.a
bitBC=a
b% — ¢? a ccosB a BH
= = - = - (2)
4S 2AH AH 2AH AH
b% —¢?

Tw (1) va (2) ta dugc : cotgo =
(1) va (2) . g 1S

Cdach khic:
Goi S, S, 1an lugt 1a di€n tich tam gidc ABH va ACH
Ap dung dinh 1y ham cos trong tam gidc ABH va ACH ta cé:

2 2 2
cothL=AM +BM” —¢ 3)
48,

2 2 1.2
cotga o AMECMP B
48,
Lay (3)— (4)tacé :
b® - c?

cotga = (viSi=S, =%)

HC HB HC-HB
AH AH AH
(MH + MC) - (MB — MH)
AH
= 2cotga = 2cotg45° =2

b/Ta c6: cotgC — cotgB =

2MH
AH
Céch khdc:
Ap dung dinh 1y ham cos trong tam gidc ABM va ACM ta cé:
BM? +c¢® - AM?

tgB = 5
cotg S, (5)
2 2 2
cotg C = CM” +b” - AM (6)
48,
Lay (6) — (5) tacé :
b? - c?

cotg C — cot gB = =2cotga=2 (viS=S; :2 va cdua)



Bai 193 Cho AABC c6 trung tuyén phdt xudt td B va C1a m,, m_ thda

% HLLET Ching minh: 2cotgA = cotgB + cotgC
m

Ta co: F_%
2
lgr 2 b0
c2 2 2
@F_l 2
“Ip?+a’-S
2 2
4 4
< bie? +a%c? —— = a’b® + b%c® -

& a’ (c2 —b2) =§(c2 —bz)(c2 +b2)

< 2a% =¢? +b? (1)(d0%¢ 1)

Thay b® +c® =a® +2bccosA viao (1), ta cé (1) thinh
a® = 2bccos A
a’ 4R?sin? A
& cosA = = - -
2bc  2(2RsinB)(2RsinC)

cosA  sinA sin(B + C)
sinA sinBsinC sinBsinC

sinBcosC+ sinCcosB

< 2cotgA = - - = cotgC+ cotgB
sin Bsin C

=2

Bai 194: Ching minh n€u AABC c6 trung tuyé€n AA’ vudng géc v4i trung tuyén
BB’ thi cotgC = 2 (cotgA + cotgB)

AGAB vuéng tai G ¢c6 GC’ trung tuyén nén AB = 2GC’
Viy AB = gcc

< 9¢® = 4m’

2
& 9¢? =2[b2 +a? —%j

< 52 =a’+b?
& 5e? = ¢® + 2abcos C(do dinh 1y ham cos)
< 2¢? =abcosC

< 2(2Rsin C)2 =(2RsinA)(2RsinB)cosC




< 2sin® C = sin Asin Bcos C
2sinC  cosC
sinAsinB  sinC
2sin (A +B)
sin Asin B
2(sin A cos B +sinBcos A)

= cotgC

& = cotgC

sin Asin B
< 2(cotg B + cotgA) = cotgC

II1. DIEN TiCH TAM GIA C
Goi  S:dién tich AABC

R: bdn kinh dudng tron ngoai ti€p AABC
r: ban kinh dudng tron ndi ti€p AABC

p: na chu vi cia AABC
thi

1 1

g _ abc
4R
S=pr

S=Yah =iph, =ich,
> 2 2

S :labsinC =1acsinB =1bcsinA
2 2 2

S=p(p-a)(p-b)(p-c

)

Bai 195: Cho AABC chirng minh:

sin 2A + sin 2B + sin 2C = i—?

Ta c6:
sin2A+ (sin2B + sin2C)

= sin2A + 2sin(B + C).cos(B - C)

= 2sinAcosA + 2sinAcos(B - C)
= 2sinA[cosA + cos(B - C)]

= 2sinA[-cos(B + C) + cos(B - C)]

= 2sinA.[2sinB.sinC]

a b c¢ labc 14RS 2S

"9R'2R'2R 2 R?® 2 R® R?

Bai 196 Cho AABC. Chirng minh :

S = Dién tich (AABC) = i(a2 sin 2B + b? sin2A)




Ta c6 : S =dt(AABC) = %absinC
=%absin(A +B)

= % ab[sin A cos B + sinB cos A]

= 1 ab K% sin BJ cosB + (E sin A) cos A} (do dl ham sin)

[\]

a

—t

=—[ 2 sin B cos B+ b? sinAcosA}

= DN

=—( %2 sin 2B + b? sinZA)

=~

Bai 197: Cho AABC ¢6 trong tdm G va GAB = 0,3BC = B, GCA = Y.
3(a2 +b* + c2)
4S

Ching minh: cotga + cotgP +cotgy =

Goi M 1a trung di€m BC, vé MH L AB

AAMH 1= cosa = ﬁ
AM

ABHM 1= cosB = E = 2BH

MB a
Ta c6: AB= HA + HB

oS e = AMcosoc+%cosB

@cosazi(c—icosBj (1)
AM 2

Mit khdc do dp dung dinh 1y ham sin vaio AAMB ta ¢6 :

MB = AM & sina = LMBsinB -2 <inB (2)
sina sinB AM M
L4y (1) chia cho (2) ta dugc :

2 cosB
€=y co8 2c —acosB
cotga = =
a . b
—sinB a.——
2 2R
R(4c-2acosB) R (4c2 — 2accos B)
- ab B abc
3¢’ +b*-a’ 3¢’ +b’-a’
B abc B 48

R



Chung minh tuong tu :

3a® + ¢ - b”
4S

3b* +a* —c?
4S

cotgP} =

cotgy =
Do dé:
cotga + cotgp + cotgy
_ 3c® +b®> —a’ N 3a® +¢® - b’ . 3b”> +a® - ¢?
4S 4S 4S
3(a® +b” +¢*)
4S

Cdch khdc: Tacé m> +m’ + m’? = g(az +b? +c2) (*)

2 2 a’
C M T, 4 +4m? - a’
cotga = = s (a)
45, sm 8S
2 2 12 2 2 .2
Tuong ty cotgP = da’ + zglb b (b),cotgy = 4b” + ggl ° (0

Cong (a), (b), (c) va k€t hgp (*) ta c6:

S(a2 + b2 +c2)
4S

cotg o + cotg B + cotgy =

IV. BAN KINH PUONG TRON
Goi R bdn kinh dudng tron ngoai ti€p AABC
va r ban kinh dudng tron ndi ti€p AABC thi

__ a :abc
2sin A4S
S
r=—
P
A B C
r—(p—a)th—(p—b)th—(p—c)th

Bai 198: Goi I 1a tim dudng tron ndi ti€p AABC.
Chirng minh:




a/r= 4RsinésinEsin9
2 2 2

b/ TA.IB.IC = 4Rr?

BH

a/Tacé: AIBH 1= coth =—
2 IH

= BH = rcotgg

Tuong ty HC =r cotg%

Ma: BH+ CH=BC

r (cotg E + cotg 9] a
2 2

) (B+C]
T S1n
= 2 =a
. B. C
S1n —S1n —
2 2

o rcosé = (2RsinA)sinEsin9
2 2 2

A . A A . B. C
< rcos— = 4R sin — cos — sin — sin —
2 2 2 2 2

ST = 4Rsin%singsin9. (do cos%>0)

b/Tacé: ALAKI=sin2-E qa__T
2 IA )
sin —
2
r r
Tuong tu IB—ﬁ,IC_ —C
sin — sin —
2 2
r3
Do d6 : TIA.IB.IC =
sin—sin—sin —
2 2 2
r .
=—= 4Rr? (do két qua cau a)
4R

Bai 199: Cho AABC cé dudng tron ndi ti€p ti€p xiic cdc canh AABC tai A’, B’,
C’. AA'B'C'c6 cdccanhla a’,b’, ¢’ va dién tich S’. Chiing minh:




a/i+b—=2sin9(siné+sing]
a b 2 2 2
b/§:2sinésinEsin9

S 2 2

A
c B’
B A C
z ] ] 1 1 1 1 1

a/Tacé : E'A'B :E@ 1B ZE(R—A)ZE(B+C)

Ap dung dinh Iy hinh sin vio AA'B'C’

|

a
sinA'

= 2r (r: bdn kinh dudng tron noi ti€p AABC)

—a'=2rsinA'= 2rsinB+C

(1)
AABC ¢6: a=BC=BA+A'C

= a=rcot E+rc01; 9
g2 g2

. B+C
Sin
~a=r—g5 ¢ @
S1n —Sin —
2 2
Lay @D ta dugc 2 _ 2sinEsing
(2) a 2 2

Al

Tuong ty b’ = 2siné.sin9
b 2

. a' b’ . C(. A . B
Viy —+ —=2sin—| sin— +sin— |.
a b 2 2 2

b/ Ta c6: QC'B'z%.B'IA':%(n—C):%(A+B)




A+B C
= CcOoS—
2

Viy sinC' = sin

1 1 1 4 1
\ AA'B'C ~a'b'sinC
Ta co: i—dt( C)—Z

S dt(AABC) ;ab sinC
S (a')(b')sinC'
= — =] — -
S a/\b)sinC

=4sinEsin29sin—-
2 2

Ccos —
2

. C C

2sin — cos —

2 2

. B . C .
=28Iin — - sin — - sin —
2 2 2

Bai 200: Cho AABC c¢6 trong tim G va tdm dudng tron ndi ti€p I. Bi€t GI vudng
géc vGi dudng phan gidc trong clia BCA. Ching minh:
a+b+c 2ab
3 a+b

veé GH 1L AC,GK 1 BC,ID 1 AC

IG cit ACtai L va cit BCtai N

Ta c¢6: Dt(ACLN) = 2Dt(ALIC)
=ID.LC =r.LC (D)

Mait khdc:

Dt(ACLN) = Dt(AGLC) + Dt(AGCN)

_ %(GH.LC +GKCN) (2)

Do ACLN cdn nén LC =CN

T (1) va (2) ta dudc:

1
rLC = S LC(GH + GK) 4

< 2r=GH+GK
Goi h_,h, 1a hai dudng cao AABC phdt xudt tor A, B

‘ GK MG 1 _GH 1
Ta co6: —=——=—VvVad — =—
h MA 3 h, 3

a

Do d6: 2r = %(hal + hb) (3)




Ma S =Dt(AABC) =pr ==ah, =%b.h,O
Do d6: hazyvﬁ hb:m
a b

Tu (3) ta céd: 2r = gpr(lJrlj

1 (a+b)
Sl==p
3 ab

_at+tb+c a+b
2 ab
2ab  a+b+c
a+b 3

=3

Th.S Pham Hong Danh (7T luyén thi Vinh Vién)



BAI TAP

Cho AABC cé6 ba canhla a, b, c. R va r 1an lugt 1a bdn kinh dirong tron ngoai
ti€p va ndi ti€p AABC. Ching minh:

al (a —b)cotg%+(b—c)cotg%+(c —a)cotgg =0
b/ 1+% =cos A + cos B + cosC

. A B f e p e
¢/ Néu coth,coth,cotg% la cap s6 cdng thi a, b, c cling la cap s6 chng.

d/ Dién tich AABC = Rr(sinA +sinB +sinC)

e/ Néu: a* =b* +c* thi AABC c6 3 géc nhon va 2sin® A = tgB.tgC
Né&u dién tich (AABC) = (¢ + a -b)(c + b -a) thi tgC = %
Cho AABC c¢6 ba géc nhon. Goi A’, B>, C’ 1a chdn cdc dudng cao vé tr A, B,
C. Goi S, R, rlan lugt 1a dién tich, ban kinh dudng tron ngoai ti€p, noi ti€p
AABC. Goi S’, R’, r’ 1an lugt 1a dién tich, bdn kinh dudng tron ngoai tiép,
noi ti€p cia AA'B'C'. Chitng minh:
a/ S’ = 2ScosA.cosB.cosC
b/ R'= E

2
¢/ 1’ = 2RcosA.cosB.cosC
AABC c¢6 ba canh a, b, c tao mdt cdp s6 cong. Vdia<b<c
Chirng minh :
a/ ac = 6Rr

A-C B

b/ cos =2sin—
2

3r C A
¢/ Coéngsai d =—| tg——-tg—
& 2 ( 8571 2)
Cho AABC cé6 ba géc A, B, C theo thit tu tao 1 c&p s6 nhdn ¢6 cong bdi q = 2.
Chirng minh:
1 1 1

al —=—+—
a b ¢

b/ cos® A + cos® B + cos®C :g



