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CHUONG 1: CONG THUC LU()NG GIAC

I. Pinh nghia

Trén mit phing Oxy cho dudng tron lugng gidc tim O ban kinh R=1 va diém M

trén dudng tron lugng gidc ma sd AM = Bv6si 0<P<L2n Ty
bita=B+k2n,keZ M7
Ta dinh nghia: :
sina. = OK :
cosa = OH H
sinot .
tga = v6i cosa # 0
cosa
o .. .
cotgo = — v6i sina # 0
sina
I1. Bang gia tri lugng gidc ciia mot so cung (hay géc) dic biét
Géc a | 0(0° T (ano T o T (o T one
Gid tri (©) (30°) 4 (45°) 5(607) 5(90°)
sina, 0 1 2 J3 1
2 2 2
cosa 1 NE 2 1 0
2 2 2
tgo 0 NE) 1 J3 I
3
cotga I NE) 1 J3 0
3

II1. Hé thiic ¢d ban
sina+cos’a =1

1+tg’a =

2

vGi a¢E+kn(keZ)
cos” o 2

t+cotg’ =

_ vGi a;tkn(keZ)
sin” a

IV. Cung lién ké&t (Cach nhé: cos doi, sin bu, tang sai 7 ; phu chéo)
a. bdinhau: a va —a
sin(—oc) =—sino
cos(—oc) =cosa
tg(-a)=-tg(a)
cotg(—a) = —cotg(oc)




b. Bu nhau: o va &

—Q

sin(n—a) =sina
cos(n—a) =—cosa

tg(Tc - oc) =—tga

cotg(n—oc) =—cotga

c.Sainhau m: o0 va T+

sin(m+ oc) =—sina
cos(m+o) = —coso

tg(n+a)=tgo

cotg(n+a) =cotga

(T
sin| —— o [=cosa
5-)
T .
COS| —— 0O |=sImno
5-)
t E—oc =cotga
g > g
cot E—oc =tga
g 5 g

N

va

e.Sai nhau

2|3

T o
2

s1n( aJ:cosa
cos( +ocJ=—sma
T
tg| —+a |=—cotga
50
T
cotg(5+ ocj = —tgal

d. Phu nhau: o va E—oc



f.
sin(x +km) = (—1)k sinx,keZ

cos(x +km)= (—1)k cosx,keZ
tg(x+kn)=tgx,keZ

cotg(x +km) = cotgx

V. Cong thiic cong
sin(a irb) =sinacosbtsinbcosa

cos(ai b) =cosacosb¥sinasinb
tga + tgb

+b)=
tg(a ) 1+ tgatgb

VI. Cong thic nhian doi

sin2a =2sinacosa

2 - 2 < 2 2
cos2a=cos"a—-sin“a=1—-2sin"a=2cos"a—1

2
tg2a = tgzz
I-tg a
2 —
cotg2a = cotg'a—1
2cotga

VII. Cong thitc nhan ba:
sin3a =3sina—4sin’a

cos3a=4cos’a—3cosa

VIIIL. Cong thic ha bic:

sin‘a = %(1 - cosZa)

cos’a = %(1 + cosZa)

, l—cos2a
tgla=——

- 1+ cos2a

IX. Cong thic chia doi

Pit t:tg% (v6i a # m+k2m)



. 2t
Sina = 2
1+t
—t2
cosa = 5
1+t
tga = 2t
_tz

X. Cong thitc bién ddi tong thanh tich

a+b a—-b
cosa+cosb=2cos cos

2
a-b

. a+b .
cosa—cosb =-2sin sin

) ) a+b . a-b
sina+sinb =2cos sin

a—b

) . a+b .
sina—sinb =2cos sin
sin(a + b)
cosacosb
sin(b + a)

sina.sinb

tgattgb =

cotgatcotgb=

XI. Cong thifc bi€n d6i tich thanh téng

cosa.cosb = %[cos(a +b)+cos(a —b)]

sina.sinb = ;[cos(a +b)—cos(a —b)}

sina.cosb = %[sin(a + b) + sin(a - b)]

. 4 4
<. .. sin"at+cosa—1 2
Bai 1: Chirng minh — 3 =—
sina+cos’a—1 3

Ta cé:
sin*a+cos*a—1= (sin2 a+cos’ a)2 —2sin*acos’a—1=-2sin*acos’a
Va:
sina+costa—1= (sin2 a+ cos’ a)(sin4 a—sin’acos’a+cos’ a) -1
=sin*a+cos*a—sin*acos’a—1
= (1 —2sin”*acos’ a) —sin“acos’a—1

=—3sin’acos’a




sina+cos*a—1 B —2sin‘acos’a 2

Do dé: — 3 = — I
sin"a+cos’a—1 —3sin“acos"a 3

.. ) e 1+cosx (l—cosx)2

Bai 2: Rit gon bi€u thic A=———=|l+—7F——
sin X sin” x

o . 1 s
Tinh gid tr1 A néu COSX=—5 va 5<X<TE

) 1+cosx | sin®x +1—2cosx +cos” X
Ta c6: A=

sin x sin® x

_ l+cosx 2(1—c0sx)

<A - . —
sin X sin” X
2(1-cos’x)  24in? 2
A= ( — ): —; *_ —— (v6i sinx #0)
sin” X sin” X  sinX
Ta c6: sin“x=1—-cos’ x =1 L3
4 4 b
T .
Do: —<x<m nén sinx >0 ‘-«‘\
Viy sinx =— »«/
2 _
) 2 4 43
Dod6 A=——=—=—-—
sin X \/5 3

Bai 3: Chitng minh céc bi€u thiic sau day khong phu thudc x:
a. A =2cos*x—sin* x +sin” x cos” x +3sin’ x
2 cotgx +1
B + 528
tgx—1 cotgx—1

b.

a. Ta co:
A =2cos* x —sin® x +sin® x cos® x + 3sin’ X

2
= A=200s4x—(1—cos2 x) +(1—coszx)cos2x+3(1—coszx)
<:>A=2COS4X—<1—20082X+COS4X)+0082X—COS4X+3—30082X
< A =2 (khong phu thudc x)

b. V6i diéu kién sinx.cosx # 0,tgx # 1
2 cotgx +1
| cotg

Taco: B=
tgx—1 cotgx—1



1

—+1
o B 2 L'x 2 +1+tgx
tex—1 1 | tex-1 1-tgx
tgx
2—(1—-tgx) 1-t
< B= ( g )— gX:_l (khong phu thudc vao x)

tgx —1 - tgx —1

Bai 4: Ching minh

2
1+ cosa I—cosa cos’b—sin’c
: 1—( — ) —————— —cotg’beotg’c =cotga—1

2sina sin” a sin” bsin“ ¢
Ta co:

cos’b—sin’c ) s
* ——————cotg'b.cotg’c

sin” b.sin“ ¢

cotg’b 1 ) )
= - —cotg'bcotgc
sinc  sin’b & 8
= cotgzb(l + cotgzc) —~ (1 +cot gzb) —cotg’beotg’c=-1 (1)

y 1+COS&[1_ (1—C083)2]

2sina sin’a
_ l+cosa . (l—cosa)2
~ 2sina 1-cos’a
B 1+c0sa_1_1—cosa}
2sina | 1+cosa

_l+cosa 2cosa — cotga ()

~ 2sina 1+cosa
LAy (1) + (2) ta dugc diéu phai chifng minh xong.

Bai 5: Cho AABC tuy y véi ba géc déu 1a nhon.
Tim gi4 tri nhd nhat cia P =tgA.tgB.tgC

Tacé: A+B=n-C
Neén: tg(A+B)=—tgC
tgA+tgB
1-teAtgB
< tgA +tgB = —tgC + tgA.tgB.tgC

Vay: P =tgA.tgB.tgC = tgA + tgB + tgC
Ap dung bdt ding thic Cauchy cho ba s& dudng tgA,tgB,tgC ta dudc

tgA + tgB + tgC > 33/tgA.tgB.tgC



<:>P233/§

@3/?23

SP233
tgA =tgB =tgC

Diu “=” xdy ra & . > A=B=C="
O<A,B,C<E 3

Do dé: MinP=3J3 < A=B=C=

Bai 6 : Tim gid tri 16n nhat va nhd nhit cia
al y = 2sin® x + cos* 2x

b/ y = ¥sinx — Jcosx

3 1-cos2x)' 4
a/Taco:y:ZT + cos” 2x
bitt =cos2x v6i -1 <t <1 thi

1 4 4
==(1-t) +t
y=gl-t)+

=y'= —%(1—1:)3 + 4t°

Tac6:y' =0 & (1—1:)3:8t3

S1-t=2t
<:>t:l
3
1 1
Tacoy(l)=1;y(-1)=3; —|=—
acoy(l) y(-1) Y(:J Y

Dod6: Maxy =3 va Minyzi
xell x ell 27

b/ Do diéu kién : sinx > 0 va cosx > 0 nén mién x4c dinh
D= [an,g + k2n} véi k e
Pitt =+/cosx v6i 0 <t <1 thi t* =cos®’x=1-sin’x
Nén sinx = v1 - t*
vayy=31-t* -t wen D' = [0,1]

—t3

i 2.8(1-t*)

Nény gidm trén [0, 1]. Vay :maxy = y(0) =1, I?Eigly =y(1)=-1

-1<0 vte[0;1)

Bai7: Chohamso y = Jsin* x + cos* x — 2msin xcos x

Tim gi4 tri m d€ y x4c dinh vdi moi x




Xét f(x) = sin* x + cos* x — 2m sin x cos X

f(x)= (sin2 X + cos? x)2 — msin 2x — 2sin® x cos® x
f(x)=1—%sin22X—msin2x

bit: t =sin2x v6i t e [-1,1]

y xdc dinh Vx < f(x)>0vx e R

= 1—%t2—mt20 vt e [-1,1]

o g(t)=t?+2mt-2<0 vte[-1,1]
DoA'=m?+2>0 Vm nén g(t) c6 2 nghi€ém phan biét t, t,
Lic d6 | t t
| g(t) + 0 - 0
Do d6 : yéucdubaitodn < t, <-1<1<t,

{1g(—1) <0 _ {—Zm—l <0

1g(1)§0 2m-1<0
mz-- 1
& & —<m<—
1 2 2
m< —
2
Cach khac :

g(t)=t*+2mt-2<0 Vvt e[-1,1]
@trr[@](]g(t)sO@max{g(—]),g(])}SO

emax{-2m-1)-2m+1)} <0<

1 1
S——<M<—
2 2

Bi 8 : Ching minh A = sin® —— + sin® 3™ in® 2T L gint E 23
16 16 16 16 2
Tt . (n T ) T
Tacdé: sin— =sin| —— — | = cos—
16 2 16 16
51 T Br 3n
sin— = cos| — — — | = cos—
16 2 16 16

. . 2 .
Mt khéc : sin* o + cos* a = (s1n2 o + cos® oc) —2sin®a.cos® a
=1-2sin® a.cos® a

= l—lsin2 20,
2




Do dé6: A = sin4l+sin4ﬁ+sin4%+sin4@
16 16 16 16

.4 T 4 T . 43T 4 9T
=|sin®* — + cos* — |+ | sin” — + cos” —
16 16 16 16

= Kl—lsin2 Ej+(1—lsin2 ﬁj
2 8 2 8
=2 —l(sin2 T 4 sin? %j
2 8 8

-9 1(sin2 T 4 cos? Ej (do sinﬁ = cos Ej
2 8 8 8 8

_g 1.3
2 2

Bai 9 : Chitng minh : 16 sin 10°.sin 30°.sin 50°.sin 70° =1

Acos10° 1
cos 10° cos10°

(8 sin 20° ) (%j cos 40°. cos 20°

Tacd: A= (16sin10°cos10°)sin30°.sin50°.sin70°

(o]

(4 sin 20° cos 20° ) .cos 40°

OO

(2 sin 40° ) cos 40°

o

sin 80° = 0810° _
cos10° cos10°

A B B, C C, A
Bai 10 : Cho AABC. Chu inh: tg—tg—+tg—tg—+tg—tg—=1
bai 10 : Cho ng min gZ g2 g2 gZ 82 82

A+B =n C

2 2 2

z

Ta co :

Vay : tg% - cotg%

A B
tge— +tg—
g2+g2:1
A B C

2

<~

1-tg=tg> ¢
g, te, 8
A , B]. C A B
oltgSrtgm tg—=1-tg—tg—
{gz gz}gz 83 %7

A C B C A B
Stg—tg—+tg—tg—+tg—tg—=1
ngZ g2 gZ g2g2

T T T T
Bai 11 : Chine minh : 8 + 4tg ~ + 2te -~ + te - = cot g~ (*
LAl Latng min gg 2t gt tegy = cota o (Y)




T T TC T
Tacé: (¥) 8 = cotg L — to - — g~ — dtg ~
aco: () COt8gg "3y "B 1g T TBg

. cosa sina cos’a-sin‘a
Ma : cotga —tga = - =

sina cosa sinacosa
:ﬂ:ZCotha

—sin2a
2

Do d6 :

T T T T
N |cotg——tg— |- 2tg— —4tg— =8
) [ 832 g32} 816 83

T T T
o | 2cote ™ —ote ™ |_4tg® =8
{Cogm glG} 83
T T
< 4cotg——4tg—=8
83 83

< 8cot gg = 8 (hién nhién ding)

Bai :12 : Chiing minh :
9 2(275 j 2(275 j 3
a/ cos"xX+cos”| —+ X |+cCOS" | ——X|=—=
3 3 2

b/ _1 + .1 + ,1 + ,1 = cot gx — cot g16x
sin2x sin4x sin8x sinl6x

a/ Ta c6 : cos® x + cos? (2—; + xj + cos? (E - xj

1(1+cos2x)+l 1+ cos 2X+ﬂ +l 1+ cos ﬂ—2x
2 3 2 3
cos 2X + cos (QX + %) + cos (4—; — 2Xj:|

+

+

cos 2x + 2cos 2x cos 4—;}

+
N~ N|—= N+
I

cos 2x + 2cos 2x (—%ﬂ

N N|w N|w MNdw N

cosa cosb sinbcosa-sinacosb

b/ Ta c6 : cot ga — cot gb = — - = - -
sina sinb sinasinb

_ sin(b-a)

sinasinb

sin (2x - x) 1
sinxsin2x  sin 2x
sin (4x — 2x) !

sin2xsin4x sin4x

Do d6 : cot gx —cot g2x =

(1)
(2)

cot g2x —cot g4x =




sin (8x — 4x) _ 1 3)
sin4xsin 8x  sin 8x
sin(16x-8x) 1
sin16xsin8x  sin16x
LAy (1) + (2) + (3) + (4) ta dugc

cot g4x — cot g8x =

cot g8x — cot gl6x = (4)
1 1 1 1
+

cot gx — cot g16x = — - + — + —
sin2x sin4x sin8x sinl6x

Bai 13 : Chitng minh : 8sin®18° + 8sin*18° =1

Ta c6: sin18° = cos72°

< sin18% = 2c0s%36° - 1

< sinl18” = 2(1 - 2sin*18%)* — 1

< sin18° = 2(1 — 4sin”18%+4sin*18%)-1

< 8sin*18° - 8sin’18° —sin18° + 1=0(1)

< (sin18% - 1)(8sin’18° + 8sin?18° — 1) = 0

< 8sin’18” + 8sin”18° — 1 =0 (do 0 <sin18"< 1)
Cach khac :

Chia 2 v& ctia (1) cho (sin18° — 1) ta ¢

(1)< 8sin’18° (sinl8” +1)— 1=0

Bai 14 : Chitng minh :

a/ sin* x + cos* x = i(?) + cos4x)
b/ sin 6x + cos 6xX = %(5 + 3cos 4x)

¢/ sin® x + cos® x = 6_14(35 + 28 cos 4x + cos 8x)

a/ Ta c6: sin* x + cos* x = (sin2 X + cos’ x)2 —2sin® xcos® x
=1- zsin2 2x
4
1
=1- Z(l — cos 4x)

= §+lcos4x
4 4

b/ Ta c6 : sinb6x + cosbx
= (sin2 X + cos? x)(sin4 x — sin® x cos? x + cos* X)

1
sin* x + cos x)——sm 2x

[ —cos 4xj - %(1 —cos4x) (doké&tqud cdua)
3

:—cos4x+—
8 8

. . 2 .
c/Tacé: sin®x + cos® x = (sm4 X + cos? X) —2sin®* xcos* x




= i(3 + CoS 4x)2 - Esin4 2x
16 16
1 11 2
= —(9 + 6cos4x + cos? 4x) - —{—(1 — cos 4x)}
16 8|2

= i+§cos4x +i(1 + cos 8x) —i(l — 2co0s4x + cos® 4x)
16 8 32 32

= 3+§cos4x+icos8x+icosélx—i(lvtcos&()
16 8 32 16 64

35 7 1
=— 4+ —cosdx + —cos8x
64 16 64

Bai 15 : Chitng minh : sin 8x.sin® x + cos 3x.cos® x = cos® 2x

Cach 1:
Ta c6 : sin 3x.sin® x + cos 3x.cos® x = cos® 2x
= (3 sin x — 4 sin? x)sin3 X + (4 cos® x — 3cos x)cos3 X
=3sin*x - 4sin®x + 4cos® x — 3cos* x
= S(Sin4 x — cos? x) — 4(sin6 x — cos® x)
= 3(sin2 X — cos? x)(sin2 X + cos? x)
—4(sin2 X — cos? x)(sin4 X + sin® x cos? x + cos* x)

= -3cos2x + 4 cos 2x[1 — sin? x cos? x}

= -3 cos2x + 4 cos 2){1 - %sin2 ij

= cos 2x {—3 +4 (1 - isin2 2Xj:|

= cos 2X(1 —gin? 2x)
= cos® 2x

Cach2:

Ta c6 : sin 3x.sin® x + cos 3x.cos® x

. 3sin X — sin 3x 3cosx + cos 3x
= sin 3x 1 + cos 3x 1

= %(Sin 3xsinx + cos 3x oS X) + i(cos2 3x — sin® 3X)
= §cos(3x— X) +10086X

4 4
= i(3 cos 2x + cos 3.2x)

= i(B cos 2x + 4 cos® 2x — 3 cos ZX) ( b6 dong nay ciing dugc)

= cos® 2x




\/§+1

2

Bai 16 : Chitng minh : co0s12° + c0s18° —4 cos15°.cos21° cos24° = —

Tacéd: cos12° + cos18° —4coslh® (cos 21° cos 24")
=2c0s15°cos3° — 2cos15° (cos 45° + cos 3")

= 2c0s15°cos 3° — 2co0s15° cos45° — 2cos15° cos 3°
= -2c0s815° cos45°
=— (cos 60° + cos 30° )

_\/§+1

2

Bai 17 : Tinh P = sin®50° + sin? 70 — cos 50° cos 70°

Tac: P = l(1—cos100°)+1(1—cos140°)—1(cos120° +c0s20°)
2 2 2
P=1 —l(cosloo" +cos140°) —1(—1+ cos20°j
2 2( 2

P= 1—(cos120° c0s20°) +1—1c0s20°
4 2

P-= §+100320° —1003200 = §
4 2 2 4
Bai 18 : Chitng minh : tg30° + tg40° + tg50° + tg60° = TCOS 20
. sin(a +b)
Apdung: tga+tgb=————~
cosacosb
Ta c6 : (tg50° + tg40°) + (tg30° + tg60°)
_ sin90° . sin 90°
cos50° cos40° cos30° cos60°
1 1
= ) o + 1
sin 40° cos 40 5COS?’OO

2 N 2
sin80° cos30°

1 1
(cos 10° cos 30°j
B 2(cos 30° + cos 10°]

c0s10° cos 30°

. cos20” cos10°
c0s10° cos 30°

8\/3

= —3 cos 20°
3

Bai 19 : Cho AABC, Chitng minh :




) ) ) A B
a/ sinA +sinB + sinC = 4 cos— cos—cos —

b/ socA + cosB+cosC=1+ 4sin%singsin%

¢/ sin 2A +sin 2B + sin 2C = 4sin Asin BsinC

d/ cos® A + cos® B + cos® C = —2cos A cos Beos C

e/ tgA + tgB + tgC = tgA.tgB.tgC

f/ cot gA.cot gB + cot gB.cot gC + cot gC.cot gA =1

A B C A B C
/ cotg— +cotg—+cotg— =cotg—.cotg—.cotg—
g g2 g2 g2 g2 g2 g2

a/Tacé: sinA +sinB+sinC = 2sinA;BcosA;B +sin(A+B)

; A+B( A-B A+Bj
= 2sin cos 5 + cos

C A B A+B n C
= 4 c0S— COS —COS — do =
2 2 2 2 2 2

b/ Tacd: cosA +cosB+cosC = 2cosA;BcosA;B —cos(A+B)

=2cosA;BcosA;B—(2coszA+B—1j

A-B A+B}
- +1

= 2cos cos
2

COoS

A+B[

A+B . A . B
= —4 cos sin—sin| —— |+1
2 2 2

= 4sin9sinésinE+ 1
2 2 2

¢/ sin 2A sin 2B + sin 2C = ZSin(A +B)cos(A —B)+2sinCcosC

=2sinCcos(A —B) + 2sinCcosC
=2sinC[cos(A —B) — cos(A + B) ]
=—4sinCsin A sin(— B)
=4sinCsinAsinB

d/ cos® A + cos® B + cos® C

= 1+%(cosZA + cos 2B) + cos® C

=1+cos(A +B)cos(A-B)+cos’C

= 1—cosC[cos(A —B)—cosC] do (cos(A +B) =—cosC)
= 1—cosC[cos(A —B)+cos(A +B)]

=1-2cosC.cosA.cosB
e/ Doa+b=n-C néntacd
tg(A +B) =-tgC




tgA +tgB

1-tgAtgB -
< tgA + tgB = —tgC + tgAtgBtgC
< tgA + tgB + tgC = tgAtgBtgC
f/ Ta c6 : cotg(A+B) = - cotgC

-tgC

1-tgAtgB — _cotgC

tgA + tgB

cot gA cot gB — 1 = —cot gC (nhan tf va mAu cho cotgA.cotgB)
cot gB + cot gA

< cot gAcotgB —1=—-cot gCcot gB — cot gA cot gC
& cot gA cot gB + cot gBcot gC + cot gAcotgC =1

A+B C
/Taco:tg—— =cotg—
g g 2 g2

A B

tg—+tg—
@M:cotgg
1—tg—tgE 2

2 2

A B
cotg—+cotg— C A B
= 2 = cot g— (nhin tf vd miu cho cotg — .cotg—)
A 2 2 2
coth.coth -1

A B A B C C
tg— +cotg—= =cotg —cotg—cotg— — cot g—
& co g2 co g2 co gzco g2co g2 co g2

A B C A B C
< cotg—+cotg—+cotg—=cotg—.cotg—.cotg—
g2 g2 g2 g2 g2 g2

Bai 20 : Cho AABC. Chitng minh :
c0Ss2A + cos2B + cos 2C + 4cosAcosBcosC+1 =0

Tacé: (cos2A + cos2B) + (cos2C + 1)

=2 cos (A + B)cos(A - B) + 2cos°C

= - 2c0sCcos(A - B) + 2cos’C

=-2cosC[cos(A —B) + cos(A + B)] = - 4cosAcosBcosC
Do d6 : cos2A + cos2B + cos2C + 1 + 4cosAcosBcosC =0

Bai 21 : Cho AABC. Chitng minh :

cos3A + cos3B +cos3C =1 - 4sin%sin%sm%

Tacod: (cos3A +cos3B) + cos3C
3 3 . 9 3C
=2cos—(A +B)cos=(A-B)+1-2sin” —
2 2 2
3, 3C

Ma : A+B:n—Cnén§(A+B):—n
2 2 2




=> cosﬁ(A +B) = cos(@—gj
2 2 2

Do d6 : cos3A + cos3B + cos3C

3¢ 3(A-B)

= -2sin— cos —2sin2£+1
2 2

= —23in3— cosM + sing +1
2 2 2

2

= —Zsin% cosw— cosg(A + B)} +1

=4sin E sin % sin(ﬁ) +1
2 2 2

. 3C . 3A . 3B
:—4s1n781n—s1n—+1

Bai22: A, B, Cla ba géc cia mdt tam gidc. Chiting minh :

sinA +sinB -sinC A B C
=tg—tg—cotg—
cosA +cosB-cosC+1 2 72 2

. A+B A-B ) C
. . . 2sin cos —28in—cos —
, sinA +sinB -sinC 92 ) 2 2
Taco: - A+B_A-B C
cosA +cosB-cosC+1 9 cos cos . +2sin2§
2c0s9 cosA_B—sing cosA_B—cosA+B
2 2 2 = cot 9 2
~C| A-B _ C| “83 " A-B A+B
2sin —| cos + sin — cos + coS
2 2 2
. A . B
-2s8in—.sin| ——
:cotg9 2 2
2 2c0s—.cosE
2 2
C A B
=cotg—.tg—.tg—
Oty 8

Bai 23 : Cho AABC. Chitng minh :
. . . C A B
sin — cos — €0S — + Sin — €0S — C0S — + Sin — Cc0s — c0S —
2 2 2 2
C A, C

. A . B.C A B B
=sin—sin—sin—+tg—tg—+tg—tg— + tg—tg—(*
smzsmzsm2 g2g2 g2 82 gzgz()




Ta co :

Do dé6 :

A+B—E—9Vﬁ. t (é+—)—cot ¢
9 2 g9 W9y 89
tgédrtgE 1

R
1-te2teB 12 C

98y By
A Bl C A

o ltgD i tg 2 [tg c 1 tg Dtg>

{gz gz}g2 89 %%

A C B C A B
otgStgZ rtg—tg— +tg ~tg— = 1(1
g5ty ttgste tigtes (1)

. A B C . B C A .
(*) & sin—cos— oS — + Sin— C0S— C0S — + Sin— COS— COS —
2 2 2 2 2 2

= sinésingsin% +1 (do (1))

. A B C .B.C Al. B C .
< sin—| cos —cos— —sin—sin— |+ cos —| sin—cos— +sin—cos — | = 1
2 2 2 2 2 2 2 2

. A
= smgcos

. A+B+C

<~ Sin

B+C:1

A .
+ cos—sin
2

-1 & sing =1 ( hién nhién ding)

Bai 24 : Chirng minh : tg% + tgg+ tg— =

C 3+cosA+cosB +cosC(*)

2 sinA +sinB+sinC
Ta co :
cosA+cosB+cosC+3:2cosA;BcosA;B+{1—2sin2%}+3

=Zsingcos +4—2sin29

2 2
:2sin9[cos _ —sin9}+4

2 2
:2sin%[cosA_B— osA+B}+4

= 4singsiné.sing+ 4 (1)
2 2 2

sinA +sinB+sinC = 2sinA;BcosA;B +sinC
= 2c0sgcos + QSingcosg
2 2 2
C[ A-B A+B}
= 2c0s§ cos + cos

= 4cosgcosécosE (2)
2 2

Tu (1) va (2) ta cé :




A .B .C .A.B.
S1n E S1in — S1n — S1n —S1in E S1n E + 1
ES
e —x+—F3F 7T —C A
COS — COS — COS — COS—COS—COS —
2 2 2 g €085 085

. A B C . B A C . C A B
& sin—| oS —co0s— |+ sin —| cos—cos— | + sin —| cos — cos —
2 2 2 2 2 2 2 2 2
. A . B.
=sin—sin—sin— +1
2 2

. A B C . B.C Al. B C . C B
< sin—| cos—cos— —sin—sin— |+ cos —| sin—cos— +sin—cos— | =1
2 2 2 2 2 2 2 2 2 2

. A A . B+C
& sin—.cos + cos—sin =1
2 2 2
. {A +B+ C}
oSsinl ——— (=1
N sing = 1 ( hién nhién ding)
. A ) .
. ' SlIlE SlnE SlnE
Bai 25 : Cho AABC. Chirng minh: B + C N A B = 2
COS—COS— COS—COS— COS— COS —
2 2 2 2 2 2
Cachl1:
. A . B . A A . B
) Sln§ Slng SlnECOSE +Sln§COS§
Ta co : C + C A = A B C
COS—COS— COS— COS — COS — COS — COS —
2 2 2 2 2 2 2
. A+B A-B
_ 1 sinA+sinB STy 08Ty
2 A B C A B C
COS — COS — COS — COS — COS — COS —
2 2 2 2 2 2
_ A-B
cosg.cos A-B COS( j
2 2 2

B B B
COS—.COS —.COS—  COS—COS —
2 2 2 2 2

A-B . C A-B A+B
Cos 2 smg cos + cos
Do d6 : VEé trai = A B+ A B= A B
COS—COS— COS— COS — COS — COS —
2 2 2 2 2 2
A B
208 —CcoS —
-2 2 _9
A B
COS — COS —
2 2

Cach2:




B+C A+C A+B
cos cos

cos 5 5 5
Ta c6 V€ trai = + +
B A

C C B
COS—COS— COS—COS— COS— COS—
2 2 2 2 2

B C .B.C A L
COS—COS— —S8In—S1In-— COS—COS— —SIn—S1n—
__ 2 N 2 2" 2
B C
COS—COS — COS—COS —
2 2 2 2

B

A B . .
COS —COS — —sin —sin —
2 2 2 2

* A B
COS—COS —
9 %9

B C A . C .A B
—3-|tg2tg L+ tg B tg L s tg S tg
{g2g2 89 %% gzgz}
A.B B . C A, B
Ma : tetg 2 ftg 2 tg 2+ tg D tg = = 1
: 89 B g 1By TGI8,
(da chitng minh tai bai 10 )

Do d6 : VEtrai=3-1=2

Bai 26 : Cho AABC.C6 cotg%,cotgg,cotg% theo tif tu tao cAp s6 cong.

Chirng minh cot g%.cot g% =3

A B b
Ta co6 : coth,coth,cotg% l1a cap sd cong

A C B
& cotg—+cotg— =2cotg—
g2 g2 g2

. A+C B

sin 2.cos —

& = 2

. A . C .
sin—sin—  sin—
2 2 2

B B
cos — 2cos—
PN 2 _ 2

. . . B
sin—sin—  sin—
2 2 2
1 2 R B
& —X O - A0 (doO<B<nnencosE>0)
sin—sin—  cos
2 2 2
cosécosg—sin—sin—
= 2 2 2 :2<:>cotgécotg9=3
. A . 2 2
sin—.sin —
2 2

Bai 27 : Cho AABC. Chitng minh :




1 + 1 + 1 —lté+t E+t 9+co1: é+co1: E+cot 9
sinA  sinB  sinC 2| b2 g Byl OB TIOByTOREY

A B C A B C
Tacod: cotg—+cotg—+cotg— =cotg—.cotg—.cotg—
acd: co g2 co g2 co g2 co g2co gzco g2

(Xem chitng minh bai 19g )
sin o L cosa 2

Mit khéc : tgo + cot ga = — = —
coso. sino  sin2o

1 A B C A B C
Dod6: —|tg— +tg— + tg— + cotg— + cotg — + cotg —
odoé 2{g2 g2 g2 cogz cogz cog2}

1 A B C| 1 A B C
=Z[tg= +tg= +tg— |+ =| cotg = + cotg — + cotg —
2[g2+ g2+ g2}+2{cog2+cog2+cog2}
1 A Al 1 B B| 1 C C
=—|tg—+cotg—|+=|tg—+cotg—|+—=|tg—+cotg—
z[gz Cogz} 2[g2 Cogz} z{gz Cogz}
1 1 1
sinA sinB sinC
BAITAP
1. Chitng minh :
T 2n
a/ cos——Ccos— = —
5 5 2

b/ cos1lh +s?n15 :\/§
cos15° —sin15°

21 4n 6T 1
¢/ cOS— +CcoS— +CcoS— = ——
7 7 7 2
d/ sin® 2x sin 6x + cos® 2x.cos 6x = cos® 4x
e/ tg20°.tg40°.tg60°.tg80° = 3
2n 5m © 8J3 T

TC
g™ s te 2 4 tg 2T 4 e o BV
86 g TBIg T3 T T3 %y

T 27 3 4n 51 6T T
g/ C0S—.CO0S—.COS—.COS—.COS——.COS—.COS— = —
15 15 15 15 15 15 15 2

h/ tgx.tg {g - x} tg [g + x} = tg3x

K/ tg20° + tg40° + /3tg20°.tg40° = /3
J3

e/ sin 20°.sin 40°.sin 80° = ?

m/ tgh°.tgh5°.tg65°.tg75° =1
sinx = 2sin(x +y)
2. Chitng minh riing néu -
X+y¢(2k+1)§(kez)
siny
cosy—2
3. Cho AABC c¢6 3 géc déunhonva A >B>C

thi tg(x+y)=




a/ Chiing minh : tgA + tgB + tgC = tgA.tgB.tgC

b/ bat tgA.tgB =p; tgA.tgC=q

Chitng minh (p-1)(q-1)>4
4. Chitng minh cac bi€u thitc khong phu thudce x :

a/ A = sin* x(l + sin? x) + cos® x(l + cos® x) +5sin®xcos®x + 1

b/ B = 3(sin8 x — cos® x) + 4(cos6 X — 2gin® X) +6sin* x

¢/ C=cos’(x—a)+sin’(x —b)—2cos(x —a)sin(x - b)sin(a—b)
5. Cho AABC, chitng minh :

cosC _ cotgC + cosB

a/ cot gB + — ;
sin Bcos A sinCcos A

b/ sin® A +sin® B +sin®C = 3cos%cos§cos%+ cos%cos%cosﬁ

2
B-C B A-C
+ cos—.cos
2 2

) ) ) A
¢/ sinA +sinB+sinC = cosE.cos

A-B
2
d/ cotgAcotgB + cotgBcotgC + cotgCcotgA = 1
e/ cos® A +cos’B +cos’C =1-2cosAcosBcosC
f/ sin3 Asin(B- C)+ sin3Bsin(C- A)+ sin3Csin(A- B) =0
6. Tim gi4 tri nhé nhat cia :
1

aly = — +
SInX COSX

+C0S—.cos
2

V6i 0<x <X
2
In . -
b/ y=4x+—+sinx v6i 0 < X < ©
b
¢/ y=2sin’x + 4sinxcosx + /5
7. Tim gia tri 16n nhit cia :
a/ y = sin X+/cOS X + €08 X+/sin X
b/ y = sinx + 3sin2x

¢/ y=cosx++2—cos’x

TT luyén thi dai hoc CLC Vinh Vién



