/BANG TRA CUPU CONG THU’C\

TOAN HOC

DUNG CHO HQC SINH THPT

OGiup hoc sinh tra civu nhanh cong thire khi giai bai tap.

OGidp hoc sinh hé théng dwoc kién thirc.
OCung cép thém cong thire cho hoc sinh kha gidi.

Thiét ké & bién san_
K NGUYEN DUY KHOI

/

HINH H QC GIAI TiCH

A. TOA DO TRONG MAT PHANG
I. TOA DO VECTO - TOA DO DIEM:

1. Toa dd diém:M(xM;yM) - W:XMT-'-yM'J
2. Toa do vecto:

ca=(xy) e a=xi+y.]j

«AB=(Xg - Xui¥5 - Ya)

3. Bo dai vecto:

=iy

‘ﬁ‘:\/(xs 'XA)2+(yB 'yA)2

4. Cac hé thirc vecto: Cho: a =(x;y,); b =(X,;Y,)

4.1. Teb {xlzx2
Yi=Y,

42 a4 b = (X £X3y,tY, )
43. k.a =(kxgky,) (kOR)
44. a /b - a=kb (kOR)
L XY
Xz y2

= XY, =Xy, =0
4.5. Diém M chia doan AB theo tisb k ~ MA =k.MB

(X,3y, #0)

_ X, kg
MA =kMB « 1-k (k#1)
y :yA'k-yB
M1k
XM=XA;XB
M la trung diém AB =
_YatYe
Yu = 2

4.6. Tich v6 hwéng:
.a.b :‘EHF‘.COS(E,F)

-a.b= XX TY1Y,

Hé qua:
a.b _ XXty
[al{B] \xieyi+yi
calb < a.b=0e x.X,+Yy,.y,=0
4.7. Cac yéu tb clia tam giac: Cho tam giac ABC. )
a. Trong tdm clia tam giac: (Giao diém cla 3 dwong trung tuyen)
Xa + Xg + Xc

.cos(a,b)=

X. =

G
N y +y3+y
N B c
Yo 3

b. Chu vi ctia tam giac: P = AB + AC + BC
c. Dién tich ctia tam giac:
Taco: AB=(x;y,); AC=(x,y,)

1

S pnsc = Elxl)/Z - XzYll
d. Tam duwdng tron ngoai tiép tam giac:

(Giao diém ctia 3 duong trung trurc)

Goi I(a;b) la tam dwdng tron ngoai tiep tam giac ABC
Al’=BI?
Al’=CI?

Giai hé phwong trinh trén suy ra toa do tam I(a;b)
e. Tam dudng tron noi tiep tam giac:

(Giao diém ctia 3 dwong phan giac trong)
* Chan dwong phan giac trong va ngoai:

Taco: a—gi=cl c»{

A
B M C
+ Goi M la chan dwdng phan giac trong cta géc A
—~MB=-"Byc
AC
+ Goi N la chan dwong phan giac ngoai clia géc A
~NB=2BNC
AC
* Phwong phép tim tam | dwéng tron ndi tiép tam giac:
A
I
B M C

+ Goi M la chan dwdng phan giac trong ctia géc A trong AABC
— Toa do diém M

+ Goi | la chan dwong phan giac trong clia géc B trong AABM
— Toa do diém I 1a tam dudng tron ndi tiép AABC



Il. PHPONG TRINH DPUONG THANG

1. Vecto phéap tuyén — Vecto chi phwong clia dwéng théng:

—_

A)

+ n=(AB) (: # E) la VTPT ctia dwong thang (A

]

s

O
s

+ = (ugitiy) (: 2 E) l& VTCP clia duwdng théng (A

O Tinh chéat;

- Mét dwong thang c6 vo sd VTPT va vd sb VTCP.
-Néu n lAVTPT thi k. n ciing la VTPT

-N&u u 1A VTCP thik. u ciing la VTCP
- Mét dwerng thang hoan toan dwoc xac dinh khi biét:

. Mot diém M(xo}yo) va mot VIPT n = (A:B)
. Mot diém M(xo;yo) va mdt VTCP y = (ugu,)

- Néu duong thdng co VTPT n = (A;B)

thi VTCP la u = (B;-A)hay u = (-B;A)
2. Phwong trinh ctia dwéng thang:

a. Buong thang () di qua didm M(xiye) va nhan n = (&;8)
lam VTPT c6 phwong trinh: A(X-x)+B(y-y,) =0

b. Ta khai trién, rat gon phwong trinh trén va dgt D = -AX - By

ta dwgc phwong trinh: Ax+By+C =0
Phwong trinh trén | phwong trinh tdng quéat ctia dwéong thang.

Khi d6 dwong thang c6 VTPT n = (A;B).

c. Budng thang (A) di qua Mo(xciyo) vanhan u = (uj;u,)1am VTCP ¢6
R .| X=X, tugt
phwong trinh tham so: (tOR)
Y = Yo tust

d. Budng théng (A) di qua Mo(Xo;Yo) Va nhan u = (ul;uz) lam VTCP co

A . X Xe Y Y,
phwong trinh chinh tac: = u;u_ #0
u u 1 2
1 2
Tt phwong trinh trén ta dwa v& phwong trinh tdng quat:
u, (x-xo) —ul(y-yo) =0
« Quy woc:

+ Néu uy = 0 thi phuong trinh trd thanh: X - X, =0
Buong thdng X = X, song song truc Oy

+ Néu u; = 0 thi phuong trinh tr& thanh: y -y, =0

Puong thdng y = Y song song truc Ox
e. Phwong trinh dwdng thdng AB véi A(Xalya) ; B(Xs:Ye):

X-XA _ y-yA

Xg = Xp Yg “Ya

f. Cho dwéng thdng (A) c6 phuwong trinh: Ax+By+C =0

1. Néu dworng thang (Al)// (A)th‘l phwong trinh ctia dwédng thang
(Al) codang: Ax+By +C,=0 (C, # C).
2. Néu dwérng théng (AZ) [KA) thi phwong trinh ctia duwong thang

(Az) c6dang: Bx —Ay +C,=0.
l1l. VI TRI TWONG DOI CUA HAI BUONG THANG:
1. Cho hai dwéng thang: (Al) AX+By+Ci=0

(AZ):A2X+Bzy+C2:0

A A B ~ 4
a.Néu A1 | B thi (Al)cat (Az)

AZ B2

b.Néu A _ B | G thi (Al)// (AZ)
Ay By G

c.Néu A _B _GC thi (a) = @©)
A2 B2 CZ

Hodc ta c6 thé xét hé phwong trinh; [A;Xx+By+C, =0
A,x+B,y+C, =0

a. Néu hé phuong trinh c6 nghiém duy nhat (xo ; yo) thi (Al) cét
(8,) tai diém 1(Xo ; Yo).

b. Néu hé phwong trinh vo nghiém thi ()i (@)

b. Néu hé phwong trinh cé vo sé nghiém thi (Al) = (Az) .
2. Géc gitra hai dweong thang (Al) : AlX + Byy + C;=0, (AZ) SAX+ By + Co=0
la géc nhon gilra hai vécto phap tuyénE = (Al;Bl);E =(A,:B,) (hoac gitra
hai vécto chi phwong) cla hai dwéong thang Ay.

— —\[ |0y |AA,+BB
co{nl;n2)=Lli‘ [Ahz +BB,|
el Jaz B2 Az 87

3. Khoang céach tr didm M(xo; Yo) dén (A) :AX+By+C=0:

cosg =

d _|Ax, +By, +C|
(M;a)) ~ /a2 +B2

4. Khoang cach gitra hai dwong thdng song song (A) :AX+By+C=0va
(A'):Ax+By+C’=O:

g c-cl



IV. DUONG TRON:
1. Binh nghta:

(c)={mxy/m=r}
trong dé: (C): dwong tron;

I(a; b): tam dwdng tron; R (R > 0): ban kinh dwdng tron.
2. Phwong trinh dwong tron:

a. Phwong trinh chinh téc: ]
BPuwdng tron (C) tam I(a; b), ban kinh R c6 phwong trinh chinh tac:

(x-a)2+(y-b)2:R2

b. Phwong trinh tbng quat:

2 2 2 2 2 2
Khai trién pt (1) tadwoc X +y -2ax-2by+a +b -R =0

Pat ¢ = a’ + b? — R?, ta dwoc phwong trinh:

x2+y2-2ax-2by+c:0 ()

Phwong trinh (D) dwoc goi la pt tdng quét ctia dwdng tron

véitam I(a; b) va ban kinh R = \/az + b2 -C

OLwuy:
- Néu duong tron cé tam la gbe toa do O va ban kinh R thi phwong trinh
dwong tron: X+ y? = R?
- Pidu kién can va du dé pt (0 1a pt dwong tron & a’ + b*>-¢c >0
3. Tiép tuyén cta dwong tron:
a. Tiép tuyén clia dudng tron (C) tai M(xo; Yo) O (C) 1a dwerng théng (2) di

qua didm M(xs; yo) va nhan v =(x, - ay, -b) = (A:8) lam VTPT

Khi d6, phuong trinh tiép tuyén (A) : | A(x-x ) +B(y-y ) =0

b. Diéu kién can va da d& duwong thing (A) : Ax + By + C = 0 tiép xlc voi
dwong tron (C) tam I(a; b), ban kinh R la:

|Aa+Bb+C|_

c. Tiép tuyén cla duong tron (C) di qua M(Xo; Yo) ndm ngoai (C):

d(l,(A)) =R = R

Goi (A) 1a dwong thdng di qua M(xo; Yo) vanhan n = (A; B) lam vecto
phap tuyén cé phwong trinh: A (x - x o) ¥B(y-y)=0

Ap dung diéu kién d& (A) tiép xic dwéng tron: d(I @) = R

Giai phwong trinh trén = : = (A; B) = phuong trinh tiép tuyén.

4. Phuong tich cGia mét diém dbdi véi dudng tron:

Cho diém M(xo;yo) va dwéng tron (C): x°+ y2 -2ax-2by+c=0.

Phuwong tich ctia diém M di voi dwong tron ky hidu 1a ‘g(DM {(©)) va
Fuie) =IM*-R®

hay Ty = F(Xe:¥o) =X5 +Y; - 2ax, - 2by, +c

1. Ty >0 = Didm M ndm ngoai dwong tron.
2. -0 . Diém M nam trén dwong tron.
‘g(I’M:(C)) =0 wong
3. Ty <0 = Diém M nadm trong dwdng tron.
V. ELIP:

1.Binh nghTa’: )
Trong mat phang cho Fl va F2 cO dinh. Elip |a tap hop céc diém M sao cho

tdng khoang céach tr M dén hai diém F.F, bang mét hang sé Ién hon khoang
cach gitra F. F,
MO(E) = FM+F,M=2a
Trong d6: F,, F,: tiéu diém cla Elip.
FlF2 = 2c : tiéu cy cla Elip.
F,M, F,M: ban kinh qua tiéu diém.
2. Phwong trinh chinh téc cta Elip :

YA
b|B2

-b|B1
Chon hé truc Oxy sao cho: Fl(-c;O) va Fz(c;O)
Phwong trinh chinh tic cha Elip (E) la:

2 2
X° LY _ | weib’=a’-c*;0<b<a)
a’ b?

3. Céc yéu tb cta Elip:
1a'=p"+c (0<b<a)
2. Hai tiéu diém: Fl(—c ; 0)va Fz(c ;0)
3. Tiéu cw: F1F2 =2c
4. Cho M(xM;yM)IZI(E) thi cac ban kinh qua tiéu diém:

C

L =FM=a+-—x,
a
[

r, =FM=a-—x,
a

5. Tamsai: o =€ 4
a
. Binh: A4(-a;0); Ax(a;0); B1(0;-b); B,(0;b).
. Do dai truc 1on: AA;, = 2a; D6 dai truc nhd B1B, = 2b.
. Phrong tinh HCN co'sé: x=+a ; y=%b.
2
9. Phuong trinh dwéng chudn x = +——
c

w0 ~N o

4. Lwuy:

Chon hé truc Oxy sao cho: Fl(o;-c )va Fz(o;c)

Phwong trinh cta Elip (E) 1a :( khéng goi la chinh téc )
2 2

L (oia =b—c’;0<a<h)



5. Phwong trinh tiép tuyén cda Elip:
a. Phwong trinh tiép tuyén caa Elip tai diém M(xeyo) LI (E):
XOZX + y02y - 1
by a by b z
b. Biéu kién can va da dé dwong théng (D) tiép xuc véi (E):
Cho (E): £+£ —1 Vava duong thang (D): Ax + By + C = 0.
a® b’
Diéu kién can va da d& duong thing (D) tiép xtc véi (E):
a’.A”+b’.B*=C?
c. Pt tiép tuyén cla Elip biét tiép tuyén qua diém M(xo;yo) ndm ngoai (E):
Céch giai: Goi (D) la dweng thang di qua M(xo;yo) va nhan n = (A;B)
(dk: A* + B? > 0) lam VTPT:
= Pt (D): A(X —Xo) + By —yo) =0 (O
& AX+ By —Axo—By,=0
Ap dung diéu kién tiép xac = n =(A;B)

Thé A va B vao pt (D) dwoc pt tiép tuyén cla Elip.

VI. HYPERBOL

1. Binh nghta:

Trong mat phéng cho F,vaF, cb dinh, F,F,=2c>0.

MO(H) = |[FM-FM|=2a
Trong d6: F , F,: tiéu diém clia Hyperbol.
F F,=2c:tiéucw clia Hyperbol.
F,M, F,M: ban kinh qua tiéu diém.
X

A1 A2 F2

2. Phwong trinh chinh téc cta Hyperbol:
Chon hé truc Oxy sao cho: Fl(-c ; 0) va Fz(c ; 0)

Phwong trinh chinh téc cta Hyperbol (H) la:
x* y*_
a® b?
3. Céc yéu tb ctia Hyperbol:

1.cz=a2+bf (0O<ax<gc)

2. Hai tiéu diém: Fl(—c ;0)va Fz(c ; 0)

3. Tiéu cu: FlF2 =2c

4. Ban kinh qua tiéu diém: Cho M(xM;yM)D(H)

Woib =c’—a’;0<a<c)

) . c
Neu x,, >0 thi cac ban kinh qua tiéu diém: FM =a+gXM

c
FEM=-a+—Xx,
a

C
Néu x,, <0 thi cac ban kinh qua tiéu diém: |FM=-a-=X,
C
FM=a-~x
2 a M

5. Tam sai: @ :E>1
a
6. Dinh: A;(-a;0); Ax(a;0).
7. Do dai truc thuwe: AjA, = 2a; D6 dai truc o BB, = 2hb.
8. Phuwong trinh HCN co'sé: x=+a ; y=#b.

9. Phwong trinh tiém can cuta (H): y= iEX

Q

2
10. Phuong trinh duong chun y = 4+

(¢}

OLwuy:
Chon hé truc Oxy sao cho: Fl(o;-c )va Fz(o;c)

N > ,\.)(2 y2 2 2 2
Phwong trinh cta (H') 1a: —-=-1 (v6ia =c —b ;c>b)

a

(goi (H)la Hyperbol lién hop cda (H) )
5. Phwong trinh tiép tuyén cta Hyperbol:
a. Pt tiép tuyén ctia Hyperbol tai diém M(xo;yo) LI (H):

Xo-X YooY _

2 e 1L

by a by b 2 2 L

b. Biéu kién can va du dé dwdng thang (D) tiep xdc veoi (H):
Cho (H): X* _¥° _; vava duong thang (D): Ax + By + C = 0.

a® b?
Diéu kién can va du dé dwong thdng (D) tiép xic véi (H):

a’.A%- b>.B*=C?
c. Pt tiép tuyén cta Hyperbol biét tiép tuyén qua didm M(xeyo) L1 (H):

Céch giai: Goi (D) l& dwong théng di qua M(xo;yo) vanhan n = (A;B)
(dk: A® + B? > 0) lam VTPT:
= Pt(D): A(X —Xo) + B(y —Yo) =0 (O
& AX+ By —AXxo— By, =0
Ap dung diéu kién tiép xac = n =(A;B)
Thé A va B vao pt (D) dwoc pt tiép tuyén ctia Hyperbol.
VIl. PARABOL
1. Binh nghia:
Trong mét phang cho duwdng thang A cd dinh va mét diém F ¢b dinh. Tap hop
cac diém M trong méat phéng sao cho MF = dgy :(a)) 90i la 1 parabol
(P)={M:y) [FM=d,, » }
e F:tiéu diém
. A: dwdng chuan cla parabol




2. Phwong trinh chinh téc cta Parabol: B. TOA BOQ TRONG KHONG GIAN .
« Pt chinh tic ctia parabol: y* = 2px I. CAC TINH CHAT VECTO TRONG KHONG GIAN
1. Cong hai vecto:

a. Quy tac 3 diém: AB+BC =AC
b. Quy t&c hinh binh hanh: AB+ AD = AC
. | la trung diém AB:
a lA+IB=0
b. MA+MB=2MI , M
3. Trong tdm G cua tam giac ABC:(Giao diém cta 3 dwdng trung tuyén)

. Tiéu diém: F(%;O) (p: tham s6 tieu)

+ Pt dwong chuan A: X:'%

N

» Ban kinh qua tiéu diém: Fm=x,, +g

« P tiép tuyén tai Mo(Xo, Yo) LI (P):
Yo¥ =P(%, +x)
« (P) tiép xtic dt Ax+By+C = 0 (A%+B*>0) i —_— = — —
pBZ:ZAC a. GA+GB+GC=0
b. MA+MB+MC =3MG ,0M
4. Trong tam G cua t& dién ABCD:

a. GA+GB+GC+GD= 0

b. MA+MB+MC +MD =4MG ,[M
I. TOA DO DIEM — VECTO TRONG KHONG GIAN
1. Hé truc toa do Béecac vudng goc:

i= Lo; 0);7 =(0;1, 0);? = (0; 0;1: goi la vecto don vi.
i=[i] k] =1

2. Toa do vecto - toa do diém:

« Pt (dang 2) ctia parabol: y* = - 2px
. Tiéu diém: F(-g;o) (p: tham sb tiéu)

o Ptdwong chudn A: x =

N T

« Ban kinh qua tiéu diém: FM:-)(M+%
« Pt tiép tuyén tai Mo(Xo, Yo) LI (P):
Yo¥ =-P (X, +X)
(P) tiép xtic dt Ax+By+C = 0 (A*+B?>0)
- pB?=-2AC
« Pt (dang 3) ctia parabol: x* = 2py

bo dai

—

a=(X;y;zy) e a=xity,.j+tzk

. Tiéu diém: F(o;g) (p: tham sb tiu) MXoi¥oiZo) = OM =Xt Yo j+ 2,k
o Cho A(X;Ya:Z4),B(Xg:Y3g:2g)

. Ptdwc‘rngchuanA:y:-E :>A—B’=(XB-XA;yB-yA;ZB-ZA)

3. C4c tinh chat:

+ Bé&n kinh qua tiéu diém: FM=y, +2 . —
2 — - . — o
Cho a =(X;Y¥1:Z1); b =(X5;Y5:2,)

« Pt tiép tuyén tai Mo(Xo, Yo) L1 (P): 7
XoX:p(yo+y) va A(XA;yA;ZA)'B(XB;yB;ZB)rC(XC;yC;Zc)

« (P) tiép xtic dt Ax+By+C = 0 (A*+B*>0 . X, =X
(P) tiep Y ( ) 1) Hai vecto bang nhau: — _ — o

- pA®=2BC a=b =y =y,
« Pt (dang 4) ctia parabol: x* = - 2py 2172,
« Tiéu diém: F(0; - g) (p: tham sb tiéu) 1 2) Tong hiéu haivecto: a + b = (X, X5y, Y 5Z,%2,)
- (8) —_—
| 3) Tich sb thuc voi 1 vectotk. a = (kx,;ky,:kz,)
] . s op i 1KY 1 KZy
Pt dwdng chuan A: y = 5 : T 4) Bo dai vecto:

+ Ban kinh qua tiéu diém: y=_y, + F |§|:fo+yf+zf ;|Ab~|:4/x§+y§+z§

+ Pttiép tuyén tai Mo(xo, yo) LI (P): . AB = |AB| = g - X0 + (g -V ) * (25 -2,)°
XoX =-p(y, +Y)

« (P) tiép xtic dt Ax+By+C = 0 (A%+B*>0)
- pA?=-2BC

3. Tam sai ctia Parabol:  _ MF

N [T

5) Diém M chia doan AB theo ti s6 k: MA =kMB

=1
dm; )



_ Xa-kxg — — Vi Z, | 0Zy X, | |%, Y
Xy =—— — 1 11.171 1.1 1
a. Toado didmM | " 1-k [a,b}—[yz 2,2, %! 1%, ¥,
-k <
Y :Ll kyB k#1) 2. Céc tinh chét:
, 2k 1. [;FJ =0 - a& b cungphuong
g =2A s
1-k [, N,
2. n:[a,wa nOda;nOb
2 %, = At Xe
b. M la trung diém AB: | ™ 2 3. ‘[; F |«| | b | sm( a F)
y, =Ja*Ye ,
M 2 3. Cac &ng dung:
_Zat7 a. Dién tich AABC : - 2B AC
2y = . Suasc -5|[AB,ACJ| |[ J|
6) Hai vecto cung phwong: . . QUGN
2B - a=kb (KOR) b. Diéu kién can va da d& ba vecto a;b;C déng phéng
= XXy =Y 1Y, =212, a[a,b].czo
o X 1Y, IZy =X, 1Y, 12, Hé qua: Diéu kién can va da dé A, B, C, D tao thanh mét t& dién
7) Tich v6 huéng cta hai vecto: (Ia mét sé thuc) - [E,E].ﬁ #0
a-b=|a|-|b|-008(a,b) c. Thé tich:
BB S XXy YLy, + 202, [Thé tich hinh hép ABCD.AB'CD' : v = ‘[XQE],X&‘
8. Toa dd trong tam tam giac ABC: OThé tich te dién ABCD:
x . = XatXs*Xe .1 — o
G 3 VABCD =EH:AB’AC AD‘ ‘ BA BC BD‘ =
YatVYe t¥Ye
y = - - = - =
¢ 3 0D dai dwong cao cua tir dién: AH = 3'\//\7500
. _ZptZp*ic ) Sasco
s IIl. PHWONG TRINH MAT PHANG
9) Toa d6 trong tam t& dién ABCD: 1. PHUONG TRINH MAT PHANG:
« = XatXp*Xc+Xp a. Phuong trinh mat phadng di qua didm Mo(Xoy0;ze) va nhan vecto
N 4 n =(AB;C)# 0 lam vecto phap tuyén:
yo = Ya*Y¥s t¥c t VYo
e 2 AX-x,)+B(y-y,)+C(z-2,)=0 (1)
, =Za*tZa*Zc*7p b. Ta khai trién, rat gon phwong trinh (1) va dat p = -Ax, - By, - Cz,
o= AtZeTZc 2o
! Lo S X ta dwoc phwong trinh: Ax +By +Cz+D =0 (2)
10) Hinh chieu ctia M(x,;y,;z,) 1&n cac mat va cac tryc toa dd: Phuong trinh (2) dwoc goi la phuong trinh tdng quat ctia mét phang.
a. M la hinh chiéu vudng géc ctia M 1én truc Ox thi Ml (Xo;o : 0) Khi d6 mat phdng c6 vecto phap tuyén n = (A;B;C)

M 1& hinh chiéu vuéng géc ctia M Ién truc Oy thi M2 (0; Yo ;0) c. Hai vecto a =(aza,;a,); b =(b;b,b.) c6 gia song song hodc nam trén mat

Ms 1a hinh chiéu vudng géc ctia M 1én truc Ox thi M, ( 0;0;7,) phang thi vecto phap tuyén cia mat phéng la: n = F,FJ :

(Hai vecto a3’ & b con goi la cap vecto chi phwong cla mat phang)

b. My’ la hinh chiéu vuéng géc ctia M Ién mp (Oxy) thi M, (%0:¥0:0) . Mat phing di qua e Mu(aryerze) VA nan 2 vecto

M’ la hinh chiéu vudng géc ctia M Ién mp (Oyz) thi |v|2' (0:y,:2,) a =(a;a,;a,); b =(b;b,;b,) 'am cép vecto chi phuong
s s 1 N . " N ' . N o | X=X Fat +byt,
Ms’ la hinh chiéu vuong géc cia M Ién mp (Ox2) thi M, (x0:0:2,) ¢6 phuong trinh tham sé: @)
lIl. TICH CO HUONG CUA HAI VECT 0" Y=Yotati+bot, (41, 0R)

1. Binh ngha: z=2z,+a,t, +ht,
Tich c6 hwong clia 2 vecto g = (x,:y.;z,); b = (x,:y,;z,) & mot vecto .
. ot zinne e. Cac phgcng trinh mat phang dang déq biét:
ky hiéu[ a,b :l c6 toa dd xac dinh b&i céng thirc: 1) Méat phang Oxy; Oxz; Oyz c6 ph trinh lan lwot la: z = 0; y = 0;x = 0.
2) Mat phang song song v&i mat phang Oxy hodc Oxz hodc Oyz c6 dang
phwong trinh lan lwotla: z+ D=0hoacy + D =0 hoac x+ D =0.



3) Mat phéng chta céc truc Ox hodc Oy hodc Oz c6 dang phwong trinh 1an
lwot la: By+Cz=0 hodc Ax + Cz = 0 hoac Ax + By = 0.
4) Mat phang song song vai cac truc Ox hodc Oy hoac Oz cd dang phwong
trinh 1an lwot la: By+Cz+D = 0 hoac Ax + Cz + D =0 hodc Ax + By + D = 0.
5) Néu mp (P)//(Q): Ax+By+Cz+D =0 thi phwong trinh mp (P) c6 dang:

Ax+By+Cz+D' =0
6) Mat phang di qua 3 didm A(a;0;0); B(0;b;0) va C(0;0;c) cé phuwong trinh:

X'y z . . “ o2

—++—=1 ( Goi la phwong trinh mé&t phang

a b c¢ chan céac truc toa do )
IV. VI TRi TWONG DOI CUA HAI MAT PHANG:
Cho hai mat phang: (P): Aixx + By + C,z + D1 =0

(Q) AoX + Bzy +Cyz +D,=0
1.Néu A; By hoae A, , C, hosc By, Ci thi (P) cét (Q).
AZ BZ AZ C2 BZ CZ
A G, D thi (P /(.
A2 BZ CZ D2
B, _C, _D, thi(P) = (Q
AZ BZ C2 D2

CHUM MAT PHANG:
Cho 2 mét phang (P): Ax+B1y+C1z +D1 = 0; (Q): Ax+Boy+Coz +D, = 0
cét nhau theo giao tuyén a.
1. Binh nghia: Tap hop cac mat phéng trong khong gian cling qua giao
tuyén a ctia 2 mat phang (P) va (Q) dworc goi la chum mat phang
2. Binh ly: Moi mat phéng (R) thuéc chum mét phang co sé 1a (P), (Q)
ludn c6 dang phwong trinh:

M(AX + By + C1z + Dy) + n(Axx + Boy + Coz + D)= 0 (m* + n® > 0)

V. PHWONG TRINH DUONG THANG

1. Phwong trinh tong quat: )

Cho 2 mp (P): Aixx+B1y+Cyz +D; = 0 va (Q): Axx+B,y+C,z +D, = 0 cat nhau

theo giao tuyén (A) 1a dwdng thing c6 phuong trinh tdng quat:
A1X+Bly+Clz+D1:0 (1) (DK A1:B1:Ci % Az:Bz:Cz)
A,x+B,y+C,z+D,=0

Khi d6 dwong thang (A) ¢6 {(A) 0'n,=(A;B,;C,)

») 0o nz (A;:B,C,)
Nén dwéng thidng (A) c6 VICP: y :[ n, nz]

2. Phwong trinh tham sé:

Pudng thang (A) di qua Mo(Xo;Yo;Zo) V& nhan m =(ug;u,;ug)lam VTCP co
. | X=Xotugt
phwong trinh tham so: 2)
y=Yot+ut (tOR)
Z=27Z,+U,t

3. Phwong trinh chinh téc:
Pudng thang (A) di qua Mo(Xo;Yo;Zo) va nhan u :(ul;uz;ua) lam VTCP c6
phuwong trinh chinh tic: x-x, _y-y, _2-2, ©)

T

Tw ph trinh (3) ta dwa v& phuong trinh téng quat: (X X0 =Y Yo (5
ul u2

X=Xy _Z-Z, ®)
ul u3
Phwong trinh (a) la phwong trinh mp (P) song song véi truc Oz
Phwong trinh (b) la phwong trinh mp (Q) song song vé&i truc Oy
“ Quy woc:

+ Néu uy = 0 thi phuong trinh (3) tré thanh: | X~ %o =0
Y-Yo _Z-2
u2 u3
+ Néu u; = 0 va U, = 0 thi phwong trinh (3) tré thanh: {x-x0 =0
Y-y, =0

4. Phuong trinh dwéng thdng AB voi A(XayaiZa) ; B(Xs;Ys;zs):
X-Xa = Y-Ya = Z-Z, (4)
Xg=Xa Ye-Ya Zg-Z4
= chay: Mp (@) chra dueng théng (A) : [Ax+B,y+C,z+D,=0
A,x+By+C,z+D, =0

thi phwong trinh mat phéng (a') c6 dang:

. 2
m(Ax+By+Cz+D))+n(Ax+By+C,z+D,)=0 (BK:MT+n*>0).
VI. KHOANG CACH )

1. Khoang céch tr mot diém dén mat phang:
Cho diém Mo(Xo;y0.Zo) VA& mat phang (P):Ax+By+Cz+D=0.
Khoang céach t&r My dén mét phang (P):
d _|Ax, +By, +Cz,+D|
(Mo, (P)) \/A2+BZ+C2
2. Khoang cach t&r mot diém dén mot dwong thang:

N

Cho diém Mo(Xo;y0,Z0) va dt (A) di qua diém M(x4;y1.z1) c6 VTCP U

Khoang céch tr My dén duwdng thdng (A) :

I

(Mo.@) ~ ‘ u ‘

3. Khoang céach gitra hai dwong thang:

Cho hai duong thang: (A) di qua d@iém M(xsiyozo) €6 VTCP U

—_—

(A ) di qua didm M'(Xo;y'0.Z’0) c6 VTCP U’

a. Néu hai dwong thang (A) va (A ) chéo nhau: Khoang céch gitra
hai dt (A) va (A ) J

|
b. Néu hai dwérng thang (A) va (A ) song song la khoang céch tiy

diém M’ trén (A ) dén dwong thang (A _‘ [WU”

(M) ~

d

]

Hay khodng cach tir M trén (A) dén duong thang (A ) :d(M . _‘ [—M_T] ‘
' u



VII. GOC

1. Géc gitra hai dwdng thang:

Cho 2 dwong thang (A) c XXy _¥-Yo _Z-Z5 c6VTCP U =(ugu,u)
u u u

1 2 3

va dudng thdng: (A ) X=Xy _Y-Yo _Z-Z4 c6VTCP f:(u'l;u'z;u‘s)

ull u 2 u 3
Géc gitra hai d.thang la géc nhon tao béi hai VTCP cla hai d.thang do:

_ ‘ U? ‘ _ ‘u1u|1+u2u|2 +u3u|3‘

cos((@y:; @) =|cos( u: v

T [ 2r a2 [2a 2 2
[ul U] e eu

2. Géc gitva dworng thdng va mét phang:

Cho dwéng thang (A) c XXy _Y-Yo _Z-Z5 c6VTCP U:(ul;uz;%)
ul u2 u3
va mat phang (P): Ax + By + Cz +D = 0¢6 VTPT ' =(A:B:C)-
Goi § 1a géc gitra d.thdng va méat phing thi @ 1a géc phu cia géc tao béi
VTCP U =(u,;u,;u,) cla duong théng voi VTPT n” = (A;B;C) cla mp:
sin¢ _ ‘ U-F_ _ |u,A+u,B+u,C|
[l Juruzeui At 4B +C?

3. Géc gitva hai mat phang:
Cho hai mat phang (P): Aix + Byy + C1z + D; =0 ¢o VTPTrT1 =(A;B;C))

v

va méat phang (Q): Axx + Buy + Coz + D, = 0 ¢6 VTPT n, =(A,;B,;C,)-
Géc gitra hai mat phdng & géc nhon tao béi hai VTPT cdia hai mp do:
_|nn]  jaa,+BB,+CC
[n[n]JazBiectfa B

COS((P)(Q) =[cos( n;

VIil. MAT CAU

1 DINHNGHIA: (S)={M(x;y;2)/IM =R}

trong d6: (S): méat cau; I(a; b; ¢): tam mat cau; R (R > 0): ban kinh mét cau.

2. PHUONG TRINH MAT CAU:

a. Phwong trinh chinh téc:

Mét cau (S) tam I(a; b; c), ban kinh R ¢ phwong trinh chinh téc:
(x-a)" +(y-b)* +(z-c)* =R? @

b. Phwong trinh téng quat:

Khai trién pt (1) ta dwoc:

x?+y?+z?-2ax-2by-2cz+a’*+b?+c*-R*=0

Patd = a® + b’+ ¢? - R?, ta dwgc phwong trinh:
x> +y®+2z?-2ax-2by-2cz+d=0 (2

Pt (2) dwoc goi la pt tdng quét ctia mét cu

véi tam I(a; b; ¢) va ban kinh R=+/a% +b?+c?-d

OLwuy:

- Néu mat ciu c6 tam la gbc toa do O va ban kinh R thi pt méat cau:

X+ yP+ 2= R
- Didu kién can va da dé pt (2) la pt mét cdu <> a’ + b*+ ¢®-d >0

3. MAT PHANG TIEP XUC VOI MAT CAU: (tiép dién ctia mat cau)
a. Tiép dién cla mét cau (S) tai M(Xo; Yo, Zo) O (S) 1a mat phdng (P) di qua
didm M(Xo; Yo, Zo) V& nhan ﬁ :(x0 -ayg -bizg -c) = (A;B;C) lam vecto phap
tuyén. Khi d6, phwong trinh méat phang (P):

A (X-X,)+B(y-y,)+C(z-2,)=0 (©)]
b. Diéu kién can va di d& mat phdng (P): Ax + By + Cz + D = 0 tiép x(c

vé&i mét cau (S)tam | (a; b; ), ban kinh R 1a :
Aa+Bb+Cc+D
ey =R = hatBhicerp] T R @
A?+B?+C?

4. GIAO CUA MAT PHANG VOI MAT CAU:
Cho mat phéng (P):Ax + By + Cz+ D =0va
mat cau (S): (x-a)2 +(y-b)2 +(z-c)2 =R%.
Su twong giao clia mat cau (S) va mét phang (P) 1a:
a. dg, ey > R « mét phéng (P) va mat cau (S) khong cé diém chung.
b. d, ¢y =R < mat phang (P) tiép xGc mét cau (S) .

d

c. dg, ¢y < R = mét phang (P) cat mat cau (S).

Khi d6, giao tuyén cta (P) n (S) = (C) la 1 dwéng tron ¢6 phuwong trinh
Ax+By+Cz+D=0
(x-a)"+(y-b)" +(z-c) =R’

®)

0O Phwong phap xac dinh tam H va ban kinh r  dwong tron (C):
- Viét phwong trinh d. thang (A) di qua tam | va vuéng géc véi mp (P)
- Tam H cta dwdng tron (C) la giao diém cua (A) va (P)

- Bankinh r cia dwong tron (C):r =+/R*-1H? hay r = [RZ -d?

(L)

DIEN TICH-THE TICH
I. Cac cong th ke trong hinh h oc ph dng:
1. Dién tich:
1.1. Dién tich cac da giac dac biét:

a’Va

4

« Dién tich tam giac déu canh a: S=

a3

(@wong cao N =—)

2
a

S=—

« Dién tich tam giac vudng can canh a:

1
« Dién tich tam giac ABC vuong tai A: S =— AB.AC
2
« Dién tich tam giac ABC can tai A c6 H la trung diém canh BC:

1
S=—AH.BC
2



« Dién tich hinh vudng canh a: S=a?

 Dién tich hinh thoi ABCD: s = © Ac.8D
2
1.2. Dién tich tam giac thwong:
« Cac ky hiéu trong A ABC:
a=BC,b=AC,c=AB
Ma, Mp, Mc: d6 dai trung tuyén rng véi dinh A, B, C
ha, hy, he: D6 dai dwong cao tng v&i dinh A, B, C
atb+c
P=—— :nrachuvi A ABC
2
S: dién tich tam giac
R, r: ban kinh dwéng tron ngoai tiép, ndi tiép AABC.

1 1 1
1.S= —ah,=—b.hp= —c.h;
2 2 2
1 1 1
2.S= —bc.sinA = —ac.sinB = —ab.sinC
2 2 2
abc )
3.S= — (R: ban kinh dwong tron ngoai tiep tam giac ABC)
4R

4.S=pr (r: ban kinh dwéng tron noi tiép tam giac ABC)

5.S= \/ P(p-a)(p-b)(p-C) (Cong thirc Hé - rong)

2. Céac hé thike trong tam giac vudng:
Cho tam giac ABC vudng tai A, AH la dwong cao:
1. AB* + AC?* = BC?

A
1 1 1
2. 72 = 72 +72
AH®  AB® AC
B— c 3. AB? = BH.BC

4. AC?*=CH.CB
5. AH.BC = AB.AC
6. AH? = HB.HC

3. Cac hé thuc trong tam giac thuong:
« Binh ly Césin: a’=b?+c®-2bc.cos A

b? = a® + ¢® - 2ac.cos B
c?=a?+b*-2ab.cosC

2 2 2 2 2 2
b™+c -a a“ +c¢ -Db
Hé qla: CoSA=—————; cosB=——: .
2bc 2ac
a b c
*Dinhlysin: — =—=—=2R

sinA  sinB  sinc

2 2 2

R . . 2 2b +2c -a

* Cong thirc trung tuyén: my = ————
4

I . Dién tich ¢ ga hinh chép — Th é tich ¢ ga kh éi chép:
1. Dién tich xung quanh va dién tich toan phén:
+ Tbéng dién tich tAt ca cac mat bén cta A
mot hinh chép dwgc goi la dién tich SN
xung quanh cda hinh chép do. [: N
« Tbéng dién tich day va dién tich xung /
quanh clia mét hinh chép goi la dién A B
tich toan phén cda hinh chép dé. \ ~f-tH
+ Néu day cta hinh chop la da giac déu N
n canh thi dién tich xung quanh bang c
tich n v&i dién tich mat bén.
2. Thé tich cda khéi chép:

1
« Thé tich ctia mét khéi chop la: V = — Sy h (h 1A chiéu cao
3
ctia khéi chop).

- D4c biét: Cho tir dién SABC. Trén cac nlra dwdng thdng SA, SB,
SC lan lwot 14y céc diém A', B, C'. Goi Vsasc, Vsarc lan luot 1a
thé tich cua cac tlr dién SABC va SA'B'C'. Ta co:

Vsime _ SA' S8 5

VsaBo SA SB SC
Il . Dién tich ¢ da hinh chép ¢ ut— Thé tich ¢ ga khéi chép ¢ ut.
1. Dién tich xung quanh va dién tich toan phan:
« Tbéng dién tich tAt cd cac mat bén cla mét hinh chép cut duoc
goi la dién tich xung quanh cta hinh chép cut do6.
« Tbéng dién tich hai day va dién tich xung quanh cta mét hinh
chép cut 1a dién tich toan phan cta hinh chép cut dé.
2. Thé tich cda khéi chép cut:
« Thé tich cia mét khéi chép cut 1a:

1 [

(h1a chiéu cao; Sy, S; Ja dién tich hai day ctia khéi chop cut).
IV. Dién tich ¢ da hinh lang tr u - Thé tich ¢ ga kh i lang tr u:
1.Thé tich cda khoi hgp chi nhat bang tich 3 kich thudc cda n6.

V =a.b.c
2. Thé tich khdi lang tru c6 dién tich day va chiéu cao h 1a:
V= Sdéy.h

3. Dién tich xung quanh va dién tich toan phan:

« Tbéng dién tich tt cd cac mat bén cla
moét hinh lang tru dwoc goi la dién tich
xung quanh cla hinh lang try d6.

« Tdng dién tich hai day va dién tich xung
quanh ctda mét hinh lang try la dién tich
toan phén cda hinh l&ng try do.

V. Dién tich xung quanh ¢ da hinh nén — Th é tich
ctia kh 6i non:
1. Dién tich xung quanh cda hinh nén:

qu = 7rl

(r : ban kinh dwéng tron day ; |: dweng sinh)



v Lwuy: Ta goi tdng dién tich xung quanh va dién tich day la dién tich toan
phan cla hinh non.
2. Thé tich cda khdi non:
1 5
V.=—mr h (:duwong cao)
3

VI. Dién tich xung quanh ¢ ga hinh tr y — Thé tich ¢ da kh éi tr u:
1. Dién tich xung quanh cda hinh try:

qu = 27rl
(r : ban kinh dwong tron day ; |: dwong sinh)
v Lwu ¥: Ta goi téng dién tich xung quanh va dign
tich hai day la dién tich toan phan cta hinh tru.
2. Thé tich cda khai tru:

2
V=mh (h : dwdng cao)

VIl . Dién tich ¢ da m4t cdu — Thé tich ¢ da kh i c4u:
1. Mét cau ban kinh r c6 dién tich la:

2
S = 4mr
2. Khéi cdu ban kinh r cé thé tich la:
3
V=—nmr
3
3. Giao ctia mat cdu va mat phang:

Cho mat ciu S(O ; r) va mét phang (P). Goi h 1a khoadng céch tir O dén
mat phéng (P).
« Khih>r: (P)khong cé diém chung v&i mét ciu S(O ; r)

e Khih=r:(P)tiép xic v&i S(O ; r) tai H. (P) dwoc goi la tiép dién va H goi

la tiép didm.

« Khih<r: Giao tuyén ctia (P) va S(O ; r) la dwdng tron C(H ; r') tam H, ban

2 g

kinh 7' = N7~ -h"

« Khi h =0 thi (P) dwoc goi 1a mét phang kinh. Khi d6 r Ién nhdt va C(H ; r)

duwoc goi la dwéng tron Ién clia mét ciu.

Duomg tron lom

HINH H QC KHONG GIAN T ONG HQP
I. CAC KHAI NIEM MO PAU:
1. Cac khaini ém mé dau
= Céc khéai niém co ban la: “diém”, “dwdng thdng” va “mét phdng”.
= P& bidu dién mdt phan cla mat phdng, ngwoi ta ding mét hinh binh
hanh. Ky hiéu: (P), (Q), ... hay (a), (B), ...
= Mbi dwdng thdng, mdi mét phang 1a mét tap hop diém.
Céch ky hiéu:
AQO(a), BO(a)
COa, Ala, BOa
al(a),b0O(a)
2. CéActién dé cha hinh h oc khdng gian

= Tién dé 1: Qua ba diém khong thang hang c6 duy nhat mot mat
phang.

= Tién d& 2: Néu mot duwong thang va mot mat phang c6 hai di&ém chung
phan biét thi dwdng thdng hoan toan ndm trén mét phang.

= Tién d& 3: Néu hai mét phdng c6 mét diém chung thi ching con cé
diém chung khéc niva.

= Tién dé& 4: C6 it nhat bdn didm khong thudc ciing mét mét phéng.
Chd thich

k  Mat phang di qua ba diém A, B, C khong thdng hang ky hiéu la
mp(ABC) hay (ABC).

*  Nhing diém thudc mot mat phang goi la nhitng diém déng phang
Nhirng didm khong thudc mét mét phdng goi 1a nhivng diém khong déng
phéng.

*  Néu hai mat phdng phan biét c6 mot diém chung thi ching c6 mét
dwong thang chung goi la giao tuyén cda hai mat phang dé.

kMot méat phdng duoc xéc dinh (duy nhat) bdi: Ba didm khdng thang
hang, hodac mét duong thang va mot diém khong thude dwdng thang do,
hoac hai dworng thdng cét nhau hoic hai dwéng thang song song.

3. Xéc dinh giao tuy én cta hai mat phang

+ Tim hai diém chung phan biét clia hai mat phang.

+ DPuwdng thang di qua hai diém chung chinh Ia giao tuyén.
4. Chtng minh ba diém th &ng hang

Dé ching minh ba diém thing hang, ta chiing minh ching 1a ba diém
chung cda hai mat phang phan biét. Khi d6 ching thang hang vi cung thuéc
giao tuyén cua hai mat phang doé.



5. Tim giao diém cua mét dweng th ang v &i mot mit ph éng

Gia str dwdng thang d cit mét phéng
(2).Tim giao diém cla d va (a).

+ Chon mét phang phu (B) chira duwdng
thdng d va cét (a) theo giao tuyén A, d
+ Trong mét phang (B), hai dwdng thang

d va A cét nhau tai A.
& i\ S

ADOd
+ = A=dn (a) \
ADOA O (a)

6. Chirng minh ba dwéng th ang ddng quy

Dé chirng minh ba dwdng thdng a, b, ¢ ddng quy:
+ Xac dinh giao diém | cla a va b.
+ Tim hai mat phang cat nhau theo giao tuyén c.
+ Chirng minh réng diém I thudc dwéng thang c.
Il. QUAN HE SONG SONG:
a,b O (a)
anb=0

=

alb -

2. a,bcitnhau = anb=M
3. aEbw(anb:a),(anb:b)

aD(a),bIZI(cx)

anb=0

4. a,bchéo nhau =

5. Céctinhch at:

® Qua diém A cho truéc khong thuéc dwdng thang b cho trude, vé dugc
duy nhat mét dwong thang a song song voi b.

® Néu ba mat phing cat nhau theo ba giao tuyén phan biét thi ba giao
tuyén ay hoac dong qui hoac song song.

B Néu co hai giao tuyén cat nhau thi giao tuyén thir ba phai dong qui tai
diem d6. Néu co hai giao tuyén song song thi ca ba giao tuyén phai
song song v&i nhau.

* Hé qua: Néu hai mat phang cat nhau Ian Iwot chira hai duong thang
song song thi giao tuyén clia chiing song song v&i hai dwdng thang dé.

= Hai dwong thdng phan biét cling song song véi mét dwéng thang thir ba
thi song song vé&i nhau.

Il. QUAN HE VUONG GOC:

40P _ o, , 4020
ane) ©dObOP)=dOP)
acithb

P)/I
2 21 Lo o M0
a0 (P) d 0 (P)
P)Od al (P)
5. (QOd p= (PY(Q) 6. b0 (P)f = allb
(P) £ (Q) aghb
al (P) P10 @Q
, alb ¢= al(P) g. PN Q=AL_ 1)
®P)0b 2l ()
alA
P 0 R)
9. QOUMR) =40
(P)n (Q) =4

PAI SO VA GI Al TICH
1. Cac hang dang thiec:

(aib)2=a212ab+b2
(atb)’=a’+3a%b+3ab’th?
a’-b*=(a-b)(a+b)
a’+b’= (aib)(a2 xab+b2)
2. Hai da thirc ddng nhét:
f(x)=ax"+a, x""+..+ax+a,
g(x)=b,x"+b x""+..+bx+b,
f(x)=g(x) = f(x)=g(x)OxOR
= a;=b (i=0,1,2,...,n)
3. Tinh don diéu ctia ham sé:
Cho ham so y = f(x) xac dinh trén (a; b)
0 Neu rx,x, D(a;b):xfxz :>f(x1)<f(xz) thi hso tang (dong bién) trén (a;b).
0 Néu XX, D(a;b):xfxz =f(x)>f(x,) thi hsé giam (nghich bién) trén (a;b).
4. Tinh chan, 1 ctia ham sb:
Cho ham so y = f(x) xac dinh trén D.

‘ OxOD = -xOD P
[0 Néeu thi ham s6 chan.

f(-x) = f(x)

Db thi ham sb chén nhan truc Oy lam truc dbi xing.

OxOD = -xUOD

0 Néu thi ham sé 8.
f(-x) = =f(x)
Db thi ham sé & nhan géc toa O lam tam ddi xirng.
0 Chay:

1. Néu D la tap dbi xirng thi Ox 0D = -x D
2. Néu D khong la tap déi xtng thi ham sé khéng chén, khong 1é.
3. Neu X, OD:f(x, ) # £f(x,) thi ham so khong chan, khong 1é.



5. Cong th e tinh ti én hé truc Oxy vé hé truc mai IXY véi gbe toa dd mai

I(Xo, Yo). CONg thirc ddi hé truc: {X = X+X,

y=Y+y,
NHI THUC BAC NHAT f(x)= ax + b (a# 0)
b
X - -— +00
a
ax+b tréidduvéia 0  cungdéuvéia

TAM TH UC BAC HAI
1. PT bac hai 1 4nsé: ax’ + bx +c=0 (D (a# 0)

Cong thire nghiém: A = b? — 4ac (hodc A’ = b”? —ac)
Biét thirc Nghiém clia phwong trinh (0)
A<O0 V6 nghiém
A -b
A=0 nghiém kép XlzxzzZ
A>0 | 2nghiém phan bigt , _ b+, -b-/A
17 2a "2 2a
2. Binh ly Viet va ap dung:
0 Téng va tich hai nghiém - Binh ly Viet: (BK:A> 0)
-b
S:x1+x2:§ p:xl,xzzg
2 Cc
0 Neu phuong trinh (J codang:a+b+c=0= x; =1;x, = =

o] o

0 Néu phwong trinh (D co dang:a-b+c=0= x; =-1;x, =-
O Timuvavbiétu+v=S, uv=P.NéuS?-4P>0 thi

uvav la nghiém cda phwong trinh: x?2.sx+p =0

0 Biéu dién bidu thtrc qua S va P:

x2+x5=5%-2p xS +x3 = 5" -3P)
1 1 S X1 Xo SZ‘ZP
—_— = — —— + < =

X1 X P Xy Xp P

D,T‘lm hé thirc doc lap déi vai tham sb gitra cac nghiém:
- Ap dung dinh ly Viet tinh S, P theo tham s0.
- Khtr tham s0, tim hé thirc gitra S va P.

Cha y: Binh ly Viet chi la diéu kién can, do d6 phai tim diéu kién d& phuong

trinh ¢é 2 nghiém truéc.
0 D&u cac nghiém clia phwong trinh bac hai:

X1<0<X2 P<0
0 < X1 X2 A>0,P>0,S>0
X1< X< 0 A>0,P>0,S<0
. . A=0 c=0
© .ACO ding 1 ac <0 hoac -b hodc 4 _p
nghiém dwong P oo Poo
2a a
. . A=0 c=0
© .ACOA ding 1 ac<0 hodc | _p hodc § .p
nghiém am <0 P oo
2a a

Lwu y: néu a c6 chira tham sé thi xét thém trudong hop a = 0

3. D4u ciia tam thtre bac hai f(x) = ax® + bx + ¢ (a # 0)
0 A < 0: f(x) cung déu véi a, Ox

X -00 +00

f(x) cung dau véi a

c -b
0 A =0: f(x) cung dau vo&i a, Ox# >3

X -0 _ i +00
2a
f(x) cungdauvéia 0 cungdéuvéia

0 A > 0: f(x) c6 2 nghiém x1, Xo (gid ST X:< Xp)

X -0 X1 X2

f(x) cingdédua 0 tréi dau a 0 cungdéua

0 Tam thirc khong ddi dau trén R:

a>0
f(x)>00x0OR =
A<O0

a<0 a<o0
A<0 A<O
Lwu y: néu a cé chira tham sb thi xét thém trwong hop a = 0.

a>0

fX)20Ox0OR = {
A<0

f(x)<ODxDRa{ f(x)sODxDR:{

a<o0

[JHé qué: f(x) > 0 v nghiém < f(x)<0OxOR -
A<O0

f(x) <0 vd nghiém = f(x)>00x OR - a>0

A<O
Lwu y: néu a cé chira tham sb thi xét thém trwong hop a = 0.
4. So sanh sé a, B (a<P) véi nghiém ctia tam thirc bac hai:

Gia st X1,X2 1 nghiém ctia tam thirc bac hai f(x) = ax® + bx + ¢ (X< X2)

° X, <0<X, = af(a)<0

A>0 A>0
s a<x,< X, = jaf(a)>0 X, < X, <0 < ja.fa)>0
§—or>0 §—0(<0
2 2
A>0 ; 0
<
a.f(a)>0 o X, <a<P<X, u{a. (@)
CO<X, <X, <P = af(R)>0 a.f(B)<0
a<%<[3
a.f(a)>0 a.f(a)<0
ca<X, <P<X, = (@) °* X, <O<X, <P = (@)
af(B)<0 af(p)>0
A>0 A>0
ca<B<x<x, < 1af@)>0  ex<x,<a<p<e jaf(@)>0

S S
§-B>O 5—0(>0




CONG THUC LUQNG GIAC
1. Gia tri lwong giac sin, césin, tang va cotang:
a. Binh nghia:

LAy diém M(x ;y) trén dwéng tron lwong giac dé (OA ; OM) = a

cosa = x = OH

sing =y = OK
— sina Vg
tana = AT = (a £ —+kmn)
cosa 2
—  cosa
cota =BS = (a # kmn)
sina
VYA Sin ta tar
col
s
|
cos
A X
1]
b. Tinh chéat:

1)-1<cosa <1; -1<sina<l1
2) cos(a +k2m) = cosa ; sin(a +k2m) = sina
3) tan(a +km) =tana ; cot(a + k) = cota

COsX

cotx =
sinx
tanx.cotx = 1
) 1
1+tanx =
cos X
1+ cot?x = 5
sin x

3. Cung lién két:
a. Cung doi nhau:

cos(-a) = cosa
sin(-a) = -sina
tan(-a) = -tana

cot(-a) = -cota
¢. Cung phu nhau:

T[ .

cos| —-a | =sina
2

T

sinf —-a [ =cosa
2
m

tan| —-a | =cota
2
m

cot| —-a | =tana
2

2

x#£kmkO2Z)
rr
x£k—,kO2Z)
rr
(x#—+kmkO2Z)
2

x#zkmkO2Z)

b. Cung bu nhau:
cos (T[- or) = -cosa

sin (n- a) =sina
tan (n- a) = -tana

cot(n-a) = -cota
d. Cung hon kém nhau 1T
cos (T[ + or) = -cosa
sin (r[+ 0() = -sina

tan (T[+ d) = tana

cot (T[+ d) = cota

4. Cac gia tri lwong giac ctia cac cung dac biét:

c. D4u clia céc gi4 tri lwong giac:
a 0 T T V4 V4
| Il 1 \Y, — — — —
GTLG 6 4 3 2
sin + + - - . 1 2 \/:—"1
sina 0 — — — 1
2 2 2
cos + - _ +
NE 2 1
_ _ cos a 1 — - = 0
tan + + 2 2 2
cot + - + — 1 ”
tan a 0 — 1 J3
3
2. Céac hé thirc lvong giac co ban: 1
sin’x + cos’ = 1 cota ” J3 1 ot 0
sinx V3

T
tanx = (x¢§+krr,kDZ)

COsX




5. Cong thirc cdng: Cho a, b & céc sb thuc co:

sin (a + b) = sina cosb + cosa sinb
sin (a - b) = sina cosb - cosa sinb
cos (a + b) = cosa cosb - sina sinb

cos (a - b) = cosa cosb + sina sinb

a¢7—T+kn
2
+
tan(atb)zM b¢5+kn kOz
1xtana.tanb 2

atb¢£+kn
2

6. Cong thtrc nhan doi:

[Isin2a=2sinacosa

[Jcos2a = cos?a-sin‘a=2cos’a-1=1- 2sin’a
2tana _ 2
1-tan’a cota-tana
cot’a-1_cota-tana
2cota 2
7. Cong thtrc nhan ba:

Osin3a=3sina-4sin*a  [lcos3a=4cos’a-3cosa

[Jtan2a=

cot2a=

3 24 _
Otan3a= 3tana-tan’a Ocot3a= cota 23<:ota
1-3tan’a 3cot’a-1
8. Cong thirc ha bac:
. - +
O sina = 1-cos2a Ocos?a = 1+cos2a
2 2
.. 1-cos2a _ (1-cos2a)’
[Jtan‘a= = —
1+cos2a sin“2a
2z ) a _ . a
9. Biéu dién cosa, sina, tana qua tan— . Bat t= tan—.
2 2
1-t? i
[Jcosa= 5 Osina= 3 Utana=—;
1+t 1+t 1-t
10. Céng thire bién dbi tich thanh téng:
[cosa.cosh = %[cos(a -b)+cos(a+b)|
Usina.sinb = %[cos(a -b)-cos(a+b)]
Usina.cosb = %[sin(a -b) +sin(a+b)]
Otana.tanb =M
~ cota+coth
11. Céng thire bién d@di téng thanh tich:
Ocosa+cosb = 2cosa—+bcosa—éb [cosa-cosb = —Zsin%bsin aéb
leina+sinb=25inibcos%b Usina-sinb = ZCosizbsin aéb
sin(atb sin(bxa
Dtanattanb=# Dcotatcotb=#
cosa.cosh sina.sinb

12. Mot sé cong thirc déc biét:

Osina+cosa =+/2 sin (a+ %Tj =2 cos (a- 7—;)

Osina-cosa=~/2 sin(a-’zrj =2 cos(a+%rj

[+ COS&:ZCOSZ% [+ sina:2c032(450 gj

Eﬂ-cosa=25in2% Eﬂ—sinaZZSinz[45° %)

Osind = £, /71' cosa rcosd =+ [1FCOS2
2 2 2 2

a sina 1-cosa }1- cosa
Ctan—= = =%
2 1l+cosa sina V1+ cosa

a_ siha _1l+cosa 1+cosa
Ccot—= = =%
2 1-cosa sina \/ 1-cosa

N1tsin2a =|sina+ cosal
PHUONG TRINH L UQNG GIAC

I. Phwong trinh lwong giac co ban:

. . u=v+Kk2m u=v+Kk2m
Osinu=sinv = Ocosu=cosV «
u=T-v + k21 u=-v+k2m
Otanu=tanv = u=v +km Ccotu=cotv = u=v+km

1. Ta thwong gap dang co ban:
SiNX = m; CosSX = m; tanx =m; cotx =m (OmOR)
a. Giai pt: sinx=m Q)

« Néu |m| >1 thi pt (1) v6 nghiém.
« Néu |m| <1 thi pt:

x=a+k2mr k02

= SiNX=m < sinXx =sing =
X=1m-a+k2mr

b. Gidi pt: cosx=m )
« Néu |m| > 1 thi pt (2) v nghiem.
« Néu |m| <1 thipt2):

X=a+k2mr «02)

= COSX =M « COSX = COSQ «
X=-a+Kk2m

c. Gidipt: tanx=m (3)  (ptludn co6 nghiem Um O R)

(3) = tanx =tana = x=a+kmr (k02

d. Gidi pt: cotx=m (4)  (ptludn co6 nghiem Um O R)

(4) = cotx =cota = x=a+kmr (kOZ)
2. Céac trvong hop dac biét:

sinx=-1 = X :-g+k2ﬂ(kIZIZ)

sinx=0 = x=km kO2Z)

sinx =1 = X :g+k2ﬂ kO2Z)

cosx=-1 = X =m+k2mr (kOZ)

cosx=0 = x=g+kn (kO2Z)

cosx=1 = x= k2 (kO2Z)



II. Phwong trinh lwgng giac thwong gap: 4. Phuong trinh déi x(rng theo sinx & cosx:

1. Phwong trinh bac hai theo mot ham sé lwong giac: a. La phwong trinh ¢6 dang: a(sinx + cosx) + bsinxcosx=c¢ (1) (a,b,c OR)
a.sin®x+b.sinx+c =0 1) 5 . 5
a.cos2x +b.cosx+c =0 @) @#0) Céch giai: Bat t = sinx + cosx = V2 sin| x + : . Biéu kién: |t| <V2
a.tan®x+b.tanx+c=0 €) )

t -1
a.cot?x+h.cotx+c =0 4) Tacé: t° = 1+ 2SiNX.COSX = SINX.COSX =

Cachgiai: 2

bat an phu: t=sinx (t=cosx; t=tanx; t=cotx) Thay vao phwong trinh (1) ta dwoc: bt + 2at— (b + 2¢) = 0 (O

Ta dwoc phwong trinh: at? + bt+¢ = 0
Gidi phwong trinh tim t (d6i voi pt (1), (2) thi -1<t<1), réi suy ra x.
2. Phwong trinh bac nhat theo sinx va cosx: -
Co dang: asinx + b.cosx=c () (a#0,b#0) Sau d6 tim x bang céch giai phuong trinh \/Esin(x +—) =t
4
b. Hodc c6 dang: a(sinx - cosx) + bsinxcosx=c  (2) (a,b,c OR)

Pat t = sinx — cosx = \/;sin (x - ”J . biéu kién: |t| < \/;

Giai phuwong trinh (D) va chon nghiém théa diéu kién |t| < \/E

+ a2+’ <c’: phwong trinh (O vo nghiém

+a+b’ >c°: chia 2 vé cia phwong trinh cho va? +b?

a b
bétcosp = ———— = sing = —— 4
Va2 +b? Va® +b? 2
Phwong trinh (0 tré thanh: Taco: t° = 1- 2sinX.coSX = SINX.COSX = . Gidi twong tu.
SIN(X + §) = —— sin(x + ¢) =sina 2
[2 2 PAI SO TO HQP
Xx+o=a+k2mr XxX=a-¢+k2mr (k0 2) L Cécqauyté(zdém:
X+to=m —a+k2m Xx=m-a-¢+2km a.AQU)”/tachhhan. N N n
Mot cong viéc H lan lwot thye hién k giai doan Hy, Ha, ..., Hk.
o ) Trong do6: Giai doan H; c6 n; cach thwe hién.
Hodc c6 dang: a.cosx + b.sinx=c () (a#0,b#0) Giai doan H, c6 n, cach thye hién.

+ a2+’ <c’: phwong trinh (O v6 nghiém e i i )
Giai doan Hi c6 n, cach thuwe hién.
+ a2+b2 2c2: chia 2 vé ctia phwong trinh chox/a2 +b? Khi d6 dé hoan thanh cong viéc H phai thuc hién lan luot k giai
doan, vay €0: ny.n,...n, cach dé hoan thanh cong viéc H.
a = sing = b b. Quy tac céng:
/az +b2 [az +b? Mét cong viéc H ¢ k phwong an thwe hién xong cdng viéc Hy, Ha, ..., Hy. M6
Phuong trinh (D) tr& thanh: cong viéc H; doc lap voi cong viéc H; voi i, j O(1;K) .

Datcos¢ =

c Trong do6: Phwong an Hy cé n; cach thyc hién.
= cos(x-¢) = = cos(x-¢) =cosa Phwong an H; c6 n, cach thwc hién.
a2 + b2
Xx-b=a+k2m X=a+d+k2m . Phuong an Hy c6 n cach thure hién.
- L( Sp=-a+k2m - L( = g+ 42k (k0O 2) Khi do dé hf)an,thanh cong viéc H taxc() thé thuc hién k phuong an H; doc lap
N . v&i nhau, vay co: n;+ny+...+n, cach dé hoan thanh cong viéc H.
3. Phuong trinh thuan nhat bac hai sinx & cosx: 2. Hoan vi:
C6 dang: a.sin®x +b.sinxcosx +c¢.cos?x =d a. Néu xép n vat vao n vi tri theo mot hang doc thi c6 P, = n! cach sép xép.
. b. Néu xép n vat vao n vij tri theo mét vong tron thi cé P, = (n—1)! cach xép.
; _ _ N .z 2 o . 3. Chinh hop:
ONéucosx =0 = x = ) + k77 thay vao pt kiem tra dang thirc ding hay sai. o Pinh nghia: Cho mot tap hop A gém n phan ter. Méi bd gdm k (1< k < r))
phan t& clia tap hgp A c6 tht tw dwgc goi la mét chinh hgp chap k tlr n phan
tep.

Vg
Blng thi x = — + krla mdt nghiém cla phwong trinh va tim nghiém con lai. b. Binh Iy: Néu ky hiéu sé chinh hop chap K tir n phan td |3A:: thi:

2
s Af=n.(n-1)...(n-k+1)= n'
ONéucosx #0 = x # — +ksrchia 2 vé cda pt cho cos’x dua pt d& cho vé no (n-k)!
2 4. T6 hop: . . ~ .
dang  a.tan®x+b.tanx+c =d.(1+tan’x) a. Binh nghia: Cho mét tdp hgp A gom n phan t&r. MOi tap hop con gom k
= (a-d)tan®x +btanx+c-d=0 (0 <k <n) phan t& (hay méi bd gém k phan t& khéng c6 thi tw) cha tap hop

A duoc goi la mot td hop chap k tiv n phan ti.



b. Binh ly: Néu ky hiéu sb té hop chap k tiv n phan ti la Cl:] thi:

Ck

n

5. Céac cong thtrc:

a. Giai thwra:
1) P, =n!

3) nl=n.(n-1)!

Quyuwoc: 11=1;01=1

b. Chinh hop:

5 Af=n.(n-1)..(n-k+1)

7) Al =(n-k+1)A

k!

c. T6 hop:
9)Ck = fig
11) C¥ =

B)ycr=Ct - {

n-k
Cn

_Ay_n.(n-1)..(n-k+1) _  n!

pP=q
p=n-q

15) C, =Cp*=n

17) C)-CL+CZ-...+(-1)".C) =0
CONG THUC NHI THUC NEWTON

1. Cong thure:

k!(n-K)!

2) ni=n.(n-1).(n-2)...2.1
4) n.nt=(n+1)!-n!

6 At
" (n-K)!

8 A =A=n! ; A;=n

10) C =n—!
" KkI(n-K)!

12)C,=Ch,+Cpy

1) cl=Cl=1

16) C? +CL+C....+Cl=2"

(a+b)"=Cla"+Cla"b+...+Cla™b* + ... +Cl'ab™ +Cp"

2. Cac tinh chat:

1) Trong khai trién (a + b)" c6 n + 1 s6 hang.

ONéu n la sb chén thi c6 1 s6 hang ding gitra:la sé hang thee " | 4

2

n+1l s~ n+1

ONé&u n 18 thi c6 2 sé hang dirng gitra:la sé hang thi: va

—_— —+1
2 2

2) Mbi sb hang c6 tdng sé mii cGaavab lan.
3) S6 hang téng quat thrk + 11&: T, ,, = c:ﬁan'klok

4 CO+CL+C2+C+ ...
5 CJ-CL+C2-Cl+...

3. Tam giac Pascal:

n=1
n=2:
n=3:
n=4:
n=>5:
n==6:

RPRrRRRP

OO WNE

[N
FBowk
S5 s

+Ch=(1+1)"=2"

+(-1y'Cl=(1-1)" =0

=
o
[l

GIAI TICH
I. Y NGHIA BAO HAM - QUY TAC TINH DAO HAM - BANG CAC BPAO HAM

% Dwong thang di qua diém M(xo ; Yo) va c6 hé s goc k cé phwong trinh:
Y-Yo :k(X-XO)
+ DIy 1: f'(x,)1ahésé goc tiép tuyén cda (C) tai diém M(xo ; yo) O (C)
% B.ly 2: Tiép tuyén cla (C) tai diém M(xo; yo)(C) c6 phwong trinh:
Y-Yo = f I(Xo)-(x 'Xo)

QUY TAC TiNH DAO HAM:
(uztvzw)=uzv'w
(uwv) =u.v+u.v'

u) _u.v-uv'
v v?

Pao ham ham s 6 hop: v, =y, .u

PAO HAM CAC HAM SO

SO CAP CO BAN PAO HAM CAC HAM S O HQP

(x) =oxe (u*) =au
3= o
) % Vi) =2

inu)'=u'.cosu

cosu)'=-u'.sinu

(2]
]
x
~
1
(@]
o
(%]
x
—_ o~ | —
2]

P
tanx)'=——— =1+tan’x tanu)' = =u (1+tartu)
[ 1 — — -u’ — 2
cotx)'=— ——(1+cot2x) cotu) —Sinzu——u.(1+cot u)

1
) " xIna

(Ioga |x

Il. NG DUNG CUA PAO HAM
1. CONG THU'C L’'HOSPITAL:
Cho hai ham s6 f(x) va g(x) c6 dao ham trén (a;b).
NEU Jim () =lim g) =0 = fim 1) =jim £®) = A
o e xag(x) x-2g'(x)
Két qua van dang khi |im f(x) = lim g(x) = %o
X — *oo X — *oo
2. CONG THUC LAGGANGE:

Cho ham s6 f(x) xac dinh trén [a;b].Néu ham sb f(x) lién tuc trén [a;b] va co
dao ham trén (a;b) thi tdn tai mot sb cO(a;b) sao cho: f(b) — f(a) = f(c).(b — a).




3. TINH BON BIEU CUA HAM SO:
a. Binh 1y 1: Ham so f(x) c6 dao ham trén (a;b).
Neéu f’(x)>0, Ox O(a;b) thi f(x) dong bién (tang) trén (a;b).
Néu f'(x)<0, Ox O(a;b) thi f(x) nghich bién (giam) trén (a;b).
Néu f'(x)=0, Ox O(a;b) thi f(x) 1a ham sé hang trén (a;b).
b. Binh Iy 2: Cho ham sé f(x) c6 dao ham trén (a;b).
Néu f'(x) = 0, OxO(a;b) thi f(x) dong bién (tang) trén (a;b)
Néu f'(x) <0, OxO(a;b) thi f(x) nghich bién (giam) trén (a;b)
Lwuy:  Binh Iy 2 ta khdng xét trvong hop f'(x) = 0, Ox O(a;b)
Ta chi xét f'(x) = 0 tai mot s6 diém hiru han.
4. CUC DAI VA CUC TIEU:
a. Binh nghia: Gia st ham sé f xac dinh trén tap hop D va X, obD.
« Xo 1& Mt diém cye dai ctia ham sb f néu ton tai mdt khoang (a;b)
chira X, sao cho (a;b) Ub va f(x) < f(x,), Ox O (a;b) \{xo} .

Khi dé f(x,) dwoc goi la gia tri cuc dai.
« Xo 1& mot diém cuwe tiéu ctia ham sé f néu tdn tai mét khoang (a;b)
chira xosa0 cho (aib) (I D va 1) > f(x, ), Ox O (aib) \{x,} -

Khi dé f(xo) dwoc goi 1a gia tri cuc tiéu.

Didm cwc dai va diém cuc tiéu duoc goi chung la diém cuc tri. Gia
tri cwe dai va gia tri cue tiéu dwoc goi chung la cuec tr .
> Lwuy: R
« Gia trj cyc dai f(xo) (gia tri cuc tieu) khdng phai la GTLN (GTNN)
cta ham so trén D. Ma f(xo) chi la GTLN (GTNN) trén mot khodng (a;b) nao dé
chira Xo. ) R R . R
e Ham so f c6 thé dat cwe dai hodc cuwc tiéu tai nhiéu diém trén D.
Ham so ciing co thé& khdng c6 cuec tri trén mot tap hop so thye cho trwde.
~« Néu xo 1a mét diém cuc tri ctia ham s 6 f thi diém M(xo;f(xo)) duoc
goi la diém cuc tri clia dé thj ham s 6 f.
b. Diéu kién can dé ham s 6 dat cwetri:
Dinh Iy 1: Gia st ham so6 dat cuec tri tai Xo. Khi dé:
Néu ham s c6 dao ham tai xo thi f'(x ) = 0.
c. Diéu kién da dé ham s é dat cyec tri:
Dinh Iy 2: Gia st ham so f lién tuc trén (a;b) chira xova cé dao ham
trén (a;xo) va (xo;b). Khi do:
«Néu f'(x)>0,0x O(a;x,) va f'(x) <0,0x O(x, ;b) thi ham s6
dat cwc dai tai xo.
«Néu f'(x) <0,0x O(a;x,) va f'(x)>0,0x O (x, ;b) thi ham s6
dat cuc tiéu tai Xo. ) )
» Phuwong phép,t‘lm diém cuc tri bdng DAu hiéu 1: Lap BBT
Gia str ham s6 c0 dao ham trén (a;b) chira xo.
« Xo 1a diém cwc dai (ham sb dat cwe dai tai xo)
{f () =0
f'(X)  gbi dau tr dwong sang am khi qua Xo.
« Xo 1& diém cuwe tidu (ham s dat cuc tiéu tai xo)
£(x,)=0
f'(X) ddi dau tr am sang dwong khi qua .
Lwu v: . R
Pé hs c6 1 cuc daiva 1 cyc tidu khi va chi khi f ‘(x) d6i dau 2 Ian.
Dinh Iy 3: (Dau hiéu 2)

Gia str ham s6 c6 dao ham cap mét trén khoang (a ; b) chra xo,
(%0)=0 va f c6 dao ham cép hai khac 0 tai xo.

« Néu f “(xo) < 0 thi X 1& diém cwe dai (ham sb dat cwe dai tai xo).

« Néu f “(xo) > 0 thi Xo 1a diém cwc tiéu (ham sb dat cuc tiéu tai xo).

> Lwuvy:

« C6 mot s6 ham s6 f (%) = 0 nhwng vAn dat cuc dai, hodc cuc tiéu
tai Xo.
5. GIA TRI LON NHAT — GIA TRI NHO NHAT:
a. Binh nghia: Cho ham sb y = f(x) xac dinh trén tap xac dinh D.

« S6 M duoc goi la gia tri 16n nhat (GTLN) ctia ham sé f(x) trén tap D
néu f(x) < M v&i moi x thudc D va tdn tai X, 0 D sao cho f(xe) = M.

Ky hiéu: mgx f(x)

« S6 m dwoc goi la gia tri nhé nhat (GTNN) ca ham sé f(x) trén tap
D néu f(x) = m v&i moi x thudc D va tdn tai o 0 D sao cho f(xo) = m.
Ky higu: mDin f(x)
b. GTLN — GTNN trén khoang:
Cho ham sé y = f(x) lién tuc trén khodng (a;b) (a c6 thé 1a- oo, b [a+ o)
Ta tim max f(x), min f(x) (néu max f(x), min f(x) tdn tai) bdng cach lap ban
S () ) () ( S () ) () ) bang p bang
bién thién ctia ham sé trén (a;b) réi dwa vao BBT dé két luan:
«Néu trén (a;b) c6 1 cyc dai duy nhat thi d6 la GTLN cula hs trén (a;b).
« Néu trén (a;b) c6 1 cuwe tiéu duy nhat thi d6 1a GTNN cia hs trén (a;b).
c. GTLN — GTNN trén doan:
Cho hs y = f(x) lién tuc trén doan [a;b] va chi c6 hitu han diém t6i han trén
doan [a;b]. Ta tim maxf(x) , min f(x) béng phwong phap sau:
[a;b] [a;b]
« Néu hs c6 cac diém t&i han xq,Xs,Xs,...,%, O[a;b] thi ta tinh cac gia tri:
(%), f(X2),f(Xa),....f(xn) va f(a), f(b) sau d6 tim s I&n nhat M va sb nhd nhat m
trong cac sé trén thiM = maxf(x) va m = min f(x) .
b [a;b]

« Néu hs khéng c6 diém t&i han trén [a;b] thi tinh gia tri: f(a), f(b) sau d6:
M = maxq f(a); f(b)f va m = min{ f(a); f(b
[a;b]{ ()i ()} min{i: o}

< Chay:

« Khi tim GTLN — GTNN ma khong ndi trén khoang hay trén doan ttrc la tim
GTLN — GTNN trén tap xac dinh ctia ham so do.

« C6 thé khdng c6 GTLN — GTNN trén khoang.

« Ludn ton tai ca hai GTLN — GTNN trén doan.

1. TIEM CAN:
a. Tiém can ngang: ‘ry
ﬂky Y =Yo
Y =Yo Khi x - +o0 m“ /

/—s © \/;
[¢) X




Cho ham sbé y = f(x) x&c dinh trén mot khodng vo han. Buwong thangy =y, 1a
dwdng tiém can ngang ctia dd thi ham sé y = f(x) néu it nh&t mét trong cac
diéu kién sau dwoc thod man:

limy=y, . limy=y,

X - +oo X = -00
b. Tiém can ding:
Pudng thang x = X, goi la tiém can ding ctia db thi ham sé y = f(x) néu
moét trong cac diéu kién sau thoa man:

lim f(x) = +o0 . lim f(x) = +co

X*?XO X"XO

Iim+ f(x) = -0 : Iim_ f(x) = -o0

X = Xg X = Xqg
Ay 57" y A
2 2
.g, ét
o c
2 ¢
0 X ol & X
- = »
\/ o : \ ]

c. Tiém can xién: Cho ham sb y = f(x) c6 d thi (C).
Gia st trén (C) co diém M(x; y) — o va duong thdng d : y = ax + b.
Binh nghta: d la tiém can xién cda do thi (C) khi:

im [ 160~ (ax+b) ] =0 noge tim [ 109 - (ax+b) =0

X = +00
- . f(x) .
o Mat khac : Néu lim f(x) = zova a = lim ~ b= lim [f(x) - ax]
X = +o0 X — +00 X = +00
(X » —o0) (X = =)

thi dwong thdng y = ax + b 1& tiém can xién cdia dd thi (C): y = ().
IV. CAC VAN BE LIEN QUAN PEN KHAO SAT HAM SO:

1. TIEP TUYEN CUA BO THI (C):

Cho dudng cong (C): y = f(x)

a. Phuong trinh tiép tuyén ctia dd thi (C) tai M(xo;yo)J(C):

Y = Yo =T (X0).(X = Xo) 1)
b. Tiép tuyén (A) cda db thj (C) song song hodc vuéng géc véi mét dwdng
thang (D) cho truéc:

Goi ki 1a hé sé goc ctia (A) va k, 1a hé sb goc cta (D).
+Néu (A)// (D) thiki =k,  f'(x,)=Kk,
+Néu (A) U (D) thikike =-1 — f'(x,).k, =-1
Ta gidi pt trén = M(Xo;Yo) rdi &p dung pttt (1).

c. Phuwong trinh tiép tuyén ctia db thi (C) di qua M(Xo;Yo):
Goi (D) la thwerng thdng qua M(Xo;yo) va cé hé sb géc k:
=pt(D):y-Yo=k(x=x) (O
= Yy =K(X=Xo) + Yo =9(X)
Pidu kién d& (D) tiép xdc (C):

« Hé phuong trinh | f) =9(x) (1) ¢6 nghiem
f'()=k @)
+ Thé k cla pt (2) vao pt (1) khir k. Pwa pt (1) v& dang chira mot &n x.
+ Giai pt (1) = x. Thé x vao pt(2) = k.
+ Thé k vira tim dwoc vao pt () = pttt cta (C).
[JCha y: Hé pt trén cho nghiém Ia hoanh d6 tiép diém cda (D) va (C).
2. PHEP BIEN BOI DO THI BO THI (C):
Cho dwong cong (C): y = f(x)
a. Vé db thj ham sb: (C'): y = | f(x) |
Taco: ,_Jf)  khif(x)=0
- {-f(x) khif(x) <0
Twr d6 suy ra cach vé (C') nhw sau: Giir nguyén phén @6 thj cta (C) nam &
phia trén truc hoanh, lay doi xtrng cta phan phia dwéi truc hoanh cta (C) qua
truc hoanh va b di phan do6 thij ctia (C) & phia dwéi truc hoanh nay.
b. V& dd thi ham sé: (C"): y = f(|x|)
DBt g(x) = f(|x]) c6 dd thila (C'). Ta c6: g(-x) = g(x)
T do suy ra cach vé (C') nhw sau: Bo di phan db thi phia tay trai ctia truc tung
cua (C), lay doi xtrng phan con lai ctia (C) qua truc tung.
c. V& db thi ham sé: (C): |y| = f(x)
Ta phaico f(x)=0.Dod6 y = +f(x)
T d6 suy ra cach vé (C') nhw sau: Bé phan db thi phia dwoi truc hoanh clia
(C), lay doi xtrng ctia phan do thi con lai qua truc hoanh.

HAM SO MU
1. Lily thira v&i sé mil nguyén:
a. Khainiém: Cho aOR, nON
- Vsiatlyy,n#0thi a" =a.a..a
—
n

1

-Voia#0,a’=1;a = —.
a

«chay: 0° va0 " khong co nghia.
. a1 =a, a0 :1(a ¢0)

b. Tinh chét: ]
Cho hai so thuc a # 0, b # 0 va hai s6 nguyén dwong m, n. Ta c6:




n n

z n m
6.Neua>1thha >a <= n>m ;

z n m
NéuO<a<ilthia >a < n<m,.
7.NéuO<a<bvanlasénguyén thi:

n n

a <b < n>0:
n n

a >b < n<0.

. % o R N n n
dua<bvanlasétwnhiénléthi a <b .
éua, b>0,nlasénguyén khac O thi:

a'=b" - a=b

2. Can bac n:
a. Binh nghta: Cho bR, nON (n = 2). Sé alR la can bac nctab néu a” = b.
VD: » Sb 2 va s -2 1a can bac 4 clia 16 vi (2)* = (-2)* = 16.
Lwu y: c&n bac bdn clia 16 bang 2. (tkc la: {16 = 2)
5
.1 1 1 1
eSO -— lacanbac5cia -— vi | —— ==
3 243 3
» T dinh nghia trén ta cé:

* b c6 duy nhat mot can bac n I&, ki hiéu % )
« b>0 c6 hai can bac n chén, ki hieu Vb va—\”@ , trong do Q/g > 0.

3. S nghiém phwong trinh X" = a:

S6 nghiém phwong trinh x "= a
a<o0 Phwong trinh vé nghi ém

. a=0 xX'=a - x=0

nchan . o -T2

x=-Ya
a<o0

nlé a=0 XxX"=za « x=Y%a
a>0

4. Luy thira v&i sb mi hivu ti:

a. Binh nghia: Cho sé thuc a dwong, r & s hivu ti, gid st = M voim,noz

n
van = 2. Ta dinh nghia:
m 1
a =a"=a";a" :Q/;.

m

e Quyuwsc:mnONvanz2thi 0" =0 .

b. Tinh chat: Choa, bOR";m, n,k ONvam, n, k= 2. Taco:
9/7
1. Yadb = Yab 2 =g
3. (Qg)m:”am 5 Wa ="{a

a
[T
. 2 2k 2k+1]  2k+1
4. ChoaOR kON, Va :|a| : \}‘a =a
n[ m.n m n.k' m.k n’ m
6. Va =a 7. a =\Na

8.a>b>0 = Q/;>Q/g 9. a>b>0 - a >b'.
5. Luy thira vé&i sb mi vo ti:
a. Binh nghta: Cho sb thwc a dwong, x 1a sb vé ti. Khi d6 a* goi 1a Iy thira véi
sb mi vo fi.
b. Tinh chét: (twong tw Ity thira véi sé mi nguyén)
X

X
l.a .a =a 2.

w
—
QO
x
S—
<
|
<
1
—_
Q
<
N—
x
oD
—
QD
o
N—
x
1
QD
O
x

. X y
6.Néua>1thia >a < X>Yy ;

x X y

NeuO<a<lthia >a < X<Yy.

6. Ham s6 luy thiva: ] ]
Ham s0 y = x% trong dé a la so thye tuy y, dwoc goi la ham so luy thira.
Ham sc‘:) nay xéac dinh véi moi sb thue x > 0. Khi a = 0 thi x’=1, Ox>0.
Ham s0 y = x® dong bién khi a > 0 va nghich bién khi a < 0.
% Chay:
o o 0N thiy = x* x&c dinh trén R
« o la s& nguyén am hodc béng 0 thi y = x* xac dinh trén R\ {0} .
eala sb khong nguyén thi y = x* xac dinh trén (0;+)
7. Ham s6 ma:
a. Pinh nghia: Cho 0 < a # 1 va x O R. Khi d6 y = a* dwoc goi 1a ham sé mi
v6i co s6 a.
b. Tinh chat:
1. Ham sby = a* c6 TXP la R, tap gia tri la R” va lién tuc trén R.
2. Ham sb y = a* ddng bién khi a > 1 va nghich bién khi 0 <a < 1.
3.a*=za' = x=t.



HAM SO LOGARIT
1. Binh nghta:  log,b=c = b= a® (PK:0<azl;b>0)
2. Tinhchdt: Cho 0<a#1; b>0

log,a =1 log,1=0
n n
log,b” =n.log b log,a” =n
1
Iogaab = P log,b Ioglb = -log,b

a

|ogab:M(DK:0<a&C¢1;b>0) log.b =
log.a %" logya

log_M - log_N=log, (%j BK: 0<a#1;M,N>0)

log,M +log,N=log, (M.N) (BK: 1#a>0;M,N>0)
3. Ham sb |6garit:
a. Dinh ngha: Cho 0 <a# 1 vax OR" . Ham sb l6garit v&i co sé a clia x dwoc

xac dinh b&i cong thiec Y = |Ogax )

« D&c biét: + a = 10: Ta ki hiéu Y = Igx (ham sé l6garit thap phan).
+a=-e: Takihiéu Y = InX (ham sé l6garit tw nhién).

b. Tinh chéat:

1.y =log, X c6tap xac dinh 1a R va tap gia trj |a R.
2. y =log X liéntyc trén R".

3. y =log, X déng bién khi a > 1 va nghich bién khi 0 <a < 1.
4. Phwong trinh:
O<a#l
1. log,f(x) =log,g(x) = 1f(x) >0  (g(x)>0)
f)=9(x)>0
O<az#l

f(x)=a®

Trong mot s tredng hop phrong trinh phire tap ta co thé dat &n sé
phu ho&c dy doan nghiém va chirng minh do la nghiém duy nhat...
5. Bat phwong trinh:

2. log,f(x) =b = {

f(x)>g(x)

g(x)>0

f(x)<g(x)

f(x)>0

Trong trwéng hop a = @(x)1a mot ham sé thay dbi theo bién sb x thi ta xét
trng trwdng hop: @(x)>1va 0 <g(x)< 1.

1. Néu a>1: log, f(x) >log,g(x) - {

2. Néu 0<a < 1: log, f(x) >log,g(x) <= {

NGUYEN HAM — TiCH PHAN

NGUYEN HAM CAC HAM SO

NGUYEN HAM CUA CAC

SO CAP THUONG GAP HAM SO HOP
jdx=x+C Idu=u+c
X +1 uu+l
jx”dx: +C(a#-1) Iu“du: +C  (a#-1)
a+l a+l

jd%zln\xHC(x#O)
Ie*dxze* +C

X

a
+C
Ina

Iaxdx =
Icosx dx=sinx+C

Isinx dx =-cosx+C

I c:sxzx = I(l+ tanzx) dx

=tanx+C
J = [ (1 cotix) dx
=-cotx+C

% =Inju[+C (u=u(x)#0)

Ie“du =e'+C

Ia“duza—u+c (0<a=1)
Ina

Icosu du=sinu+C

Isinu du=-cosu+C

I du =f(1+tanzu) du

cos?u
=tanu+C
J =] (1 coru) du
=cotu+C

CAC CONG THU'C BO SUNG

NGUYEN HAM THUPONG GAP:
[ dx=2/x+cs
Jx

[(ax+b)"dx _ (@)™ +C
a a+l

'[ L dleln\ax+b\+c
ax+b a

J'eax+bdx :}eaw-b +C
a

anx
'[a“xdx =——+C
n.Ina

_[cos(ax+b)dx=§sin(ax+b)+c
'[sin(ax+b)dx=-£cos(ax+b)+c
_[tanxdxz-ln\cosxhc

_[cotx dx=In[sinx|+C

% CAC CONG THUC LOY THUA:

a™.a"=a™ - (am )n =am"

1 n
Ya=am; Ya"=am
CONG THUC LUPQNG GIAC:
a. CONG THU'C HA BAC:

sin®x =%(1- COS2X)
2 1
cos?x =§(1+ Ccos2X)
b. BIEN DOI TiCH THANH TONG
1
cosa.cosb :E[cos(a—b)+cos(a+b)]
sina.sinb :%[cos(a—b)—cos(a+b):|

sina.cosb = %[sin(a— b)+sin(a+b) ]




V. NG DUNG TICH PHAN - TINH DIEN TiCH HINH PHANG
THE TICH VAT THE TRON XOAY
1. DIEN TiCH HINH PHANG:

a. Dién tich hinh phang gi¢i han b&i cac dwong (C): y = f(x), y = 0 (truc Ox) va

hai dwong thang x =a, x=b: g = ])'|f(x) ldx

OTrweng hop 1: Néu (C): y = f(x) va truc Ox khéng c6 diém chung thi:
b
jf(x) dx

(vi f(x) khong ddi d&u Ox Ofa;b] )
OTrweng hop 2: Néu (C): y = f(x) cét truc Ox tai 1 diém c O (a; b) thi:

S =j‘\f(x)\dx = Tf(x) Jdx + j‘f(x) dx = ;ﬁx).dx + *b{x )dx

OTrwdng hop 3: Néu (C): y = f(x) cét truc Ox tai 2 diém phan biét xy, X,

S= fﬁf(x)\dx =

+Néu x;, x, 0 (a; by thi: % 't
S e HROINT g g tax = [ froo ax
£ . N b "
+Newxa e BB _ Firey i = ([ dx

(Trweng hop 4: Néu (C): y = f(x) cét truc Ox tai 3 diém phan biét x;, X,, Xs gid
S X1< Xo< X3 thi:

S= T\f(x)bx + Tf(x)qix =

Xz

+

X_F‘(x) dx

foodx
OLuu Y:
- Bwong thang x = a hodc x = b ¢6 thé 1a truc tung x = 0.
- Cac bwéc tinh dién tich:
» Phuwong trinh hoanh d6 (C) va Ox: f(x) = 0
« Giai phwong trinh f(x) = 0 tim nghiém (néu c6)
« Tinh dién tich hinh phéng tuy theo tirng trwéng hop
b. Dién tich hinh phéng gi¢i han b&i cac duwdng (Cy):y= f(x),(C2):y= g(x)
b

va hai dwong thang x=a,x=b:g _“f(x) -g(x) |dX

OTrwong hop 1: Néu (Cy) va (C,) khdng co diém chung thi:
b b
S =ﬂf(x)-g(x) tix = j f()-g(x) dix

OTrweng hop 2: Néu (C,) va (C,) cét nhau tai 1 diém c O (a; b) thi:

S = [If(x)-9(x) ¢ix+ [fx)-9(x) dix

b

JH09-909 §x

c

j[f(x)-g(x) Jox k

a

OTrwong hop 3: Néu (C,) va (C,) cét nhau tai 2 diém p.biét x;, x, [ (a; b)

s = []f09-960lax = | [09-900) ¢

OTrwong hop 4: Néu (C,) va (C,) cét nhau tai 2 diém pb x,, X, 0 (a; b)
b b
S =[] - 909 [dx = ‘ [F09-909 dix ‘

OTrwong hop 5: Néu (C): y = f(x) c6 tiép tuyén (D): y = g(X) tai x, thi dién tich
hinh phang gi&i han b&i (C), (D), x = a (gid str a < X,) la

S = [f09-90]dx = | [ [09-g0) dix
Buwéng thang x = a c6 thé 1a truc tung ( x = 0). Khi dé:

f [f(x) - 9(x) Jdx

S=

0 Treong hop 6: Néu (C): y = f(x) c6 2 tiép tuyén (Di): y = gi(x) va
(D2): y = ga(X) cat nhau tai x,, (C) tiép xtc (Dy)va (D) tai Xy, Xo
5= f1i09-g,09ldx+ [00-9 09-ix

Xo

| [f(x)—m(x)]dx% [F00-5 60 Jix

2. THE TICH HINH TRON XOAY: )
a. The tich khoi tron xoay sinh b&i hinh phang gi¢i han béi (C): y = f(x), truc
Ox:y =0 va 2 d.thang x = a, x = b khi né quay quanh truc Ox

V= nT[f(x)]zdx

b. Thé tich khdi tron xoay sinh b&i hinh phang gi6i han béi (C):x = g(y),
truc Oy: x =0va 2 d.thangy = ¢, y = d khi n6 quay quanh truc Oy

Vv =n|[g(y)]dy

c. Thé tich khéi tron xoay sinh b&i hinh phang gioi han bdi 2 dudng (Cy): y =
f(x) va (C,): y = g(x) cat nhau tai 2 di&m x;; x, khi né quay quanh truc Ox:

V= H‘I([f(x)]z— [0 ]Z)dx ‘

d. Thé tich khéi tron xoay sinh b&i hinh phang gi¢i han bdi 2 dweng (Cy): x =
f(y) va (Cz): x = g(y) cat nhau tai 2 diém ys; y, khi né quay quanh truc Oy:

v=f ()]~ o I )y

PAI SO
l. pinh ly Viet trong da thirc bac ba:
NEéu X1, X2, X3 1a nghiém ctia da thirc bac ba:

N b

f(x)=ax’ +bx* +cx+d(az0) thi [x+x, +x,=-—~
Cc
XiXp XXy + X X5 =—
a

Xp.X5.Xg =4
a

Ngwoc lai néu hai s6 Xy, X2, X3 CO X1+ X+ X3 = S, XiXo + XoXg + X1Xa = T, X1XoXg =
P thi x4, Xo, X3 1& c&c nghiém cda ph.trinh: X2-SX+TX-P=0.
Il. BAT DPANG THUC
1. Céc bt déng thirc co ban:
a. B4t déng thirc gia tri tuyét doi:
|a + b| < |a| +| b]. D4u “=" xay ra khi va chi khi ab = 0
[la] - |b]| < |a - b|. DAu “=" x&y ra khi va chi khi ab > 0
a2 + @zt ... + agl<laa| + [az| + ... +| &,|. Dau “=" xay ra
khi va chi khi a;g; > 0OIl, j
b. Bat dang thirc Cauchy (Cosi):
Cho 2 so khéng am a, b, ta co:fﬂl;zrb >+/ab

DAu “=" xay ra khi va chikhia=b



0 Hé qua: PT & BAT PT CHUA DAU GIA TRI TUYET DOI

Véia >0, tacé ! 2.D4u“="xayrakhia=1 0c, : [ =9() 96920 90920
-Voia>0,taco: a+—=2.Dau"="xay rakhia= ST =9(X) < <
a ’ ! [0 =[g00]”  [[f0-9()].[f9+g(0] =0
1 < . . g(x)=0
- la+—|>20a # 0 . Dau “=" xay ra khi va chi khi a = +1 oc, ;‘f(x)‘ =g(X) < {[fX)=g(x)
z 2 . f(x)=-g(x)
[J Tong quét: Cho n s6 khdng am ay, ay,...,an, ta co: £(x) < g(x)
ata,t..ta, 2nya,.a,..a, ['f(X)‘ <90 - {f(X) >-9(x)
D4u “=" xay ra khi va chi khi a; = a,= ... = a, 00> a(x
c. B&t déng thirc Bunhiacopxki: o] > ) - L( )<g( )
Cho ay, ay, ..., an; b, by, ..., by tly ¥, ta co: . LTI <-g0)
(ab, +ab, +..+ab,)’ =(af +ai +...+a2)(b] +b} +...+b7) PT & BAT PT CHUA CAN BAC HAI
\/f_ B g(x)=0
DAu “=" xay ra khiva chikhi 1 _%2 _ _2n INII=009 = 1t - rg 2
b b b
, ro " f(x) 20
U Quyuwdc:bi=0=2a=0
d. B4t déng thirc tam giac: oyfx) <g(x) = 19(x)>0
- - 2
a:(al;az),b :(bl;bZ) () <[g(x)]
Tw Jaf +b| = [a +b] 909 <0
. f(x) =0
Suy ra: Mﬂ/bﬁ—bzz (a1+az)2+(bl+b2)2 0J/f(x) > g(x) < 920
Déu “=" xay ra khiva chikhi a =k.b ,k>0 _ 1 _% _, {f(><)>[g(><)]2
b1 b2
HE PHUONG TRINH B AC HAI
1. Hé déi xrng loai 1: ]
Hé d6i xtrng loai 1 hai an so x va y la hé néu thay x b&i y va thay y b&di x ma
tirng phuwong trinh trong hé khéng thay dbi.
[J Céach giai:
- bat x+y = S va x.y = P. Tw hé trén ta c6 hé phwong trinh theo S va P.
- Gidi hé phwong trinh tim S va P.
- Khi d6, x va y la nghiém ctia pt X* — SX + P = 0 v6i S* - 4P> 0
2. Hé'dﬁi x&ng loai 2: ) )
Hé dbi xtrng loai 2 hai 4n sb x va y Ia hé ma néu thay x bdi y, thay y bi x thi
phwong trinh nay tré thanh phwong trinh kia va nguorc lai.
0 Cach giai: )
- Trir ve theo ve hai phwrong trinh véi nhau thi ta duwoc phuwong trinh tich so
trong do c6 thira so (x —y). Gidi hé bang phwong phap thé.
3. Hé dang cap bac 2:
Biéu thirc F(x; y) goi la ddng cap bac hai dbi véi x, y khi moi t # 0, ta c6 F(tx,
ty)=t"F(x; y)-
Dang tdng quéat ctia hé | FLi¥)= A trong Fi(X; y) & Fa(X; Y)

Fz xy)= A 2 1 = Py
la nhirng biéu thire déng cép déi vai x, y Thﬁy NGUYEN DUY KHOI
[ Céch giai: ‘ X <
- Xet nghgiém Véiy =0 b/c: 24/B2 QL1 - Phwong Quyet Thang BH —BN
-Voiy #0, dat x =ty (Gan truwong Chu Vian An)

- Tim ttir hé roi suy ra x, y. PT: 0958.800.800

O Giai hé bang cach dat tham sé moi: ) )
- Tt 1 trong cac pt ctia hé xem x 1a an va y la tham so thi duoc pt béac hai doi
Vv&i x. Gidi tim x theo y rdi sau d6 diing pp thé d& tim nghiém.



